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This work presents a study of the Faraday instability in a parametrically forced Fermi-Fermi mixture.
The condensate is confined in the transversal spatial dimension with a strong parametric confinement
potential and in the longitudinal spatial dimension with a weaker potential. The theoretical description is
done using the mean-field theory with two amplitude equations that represent each spin state. In order
to stabilize the Faraday patterns, a phenomenological damping term is introduced. The influence of the
Zeeman interaction is analyzed in detail. In particular, phase diagrams of the existence and stability of
the Faraday waves are calculated as a function of the Zeeman interaction, the coupling parameter, and
the forcing amplitude. The degree of segregation of the two fields and their synchronization level is also

calculated as a function of the Zeeman parameter. In addition, we examine how the pattern wavelength
varies as a function of the Zeeman parameter and the forcing frequency.

© 2021 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

In recent years, the field of ultracold fermionic atoms has gener-
ated many interesting investigations, both in the experimental and
theoretical domains. Of particular interest, one can cite the prob-
lems related to their confined geometry, their size, and the inter-
action strength that can be manipulated in a considerable range
[1-5].

The main objective pursued by this new branch of the Solid
State Physics is to have the possibility to manipulate systems in
pum - scale with macroscopically confined potentials, such as op-
tical lattices or magnetic traps, with Bosonic and/or Fermionic be-
haviors. For instance, the determination of phase diagrams of the
quasi-one-dimensional Fermi system described by the many-body
Hamiltonian model has been analyzed in-depth and various situ-
ations [6-13]. The mean-field theory applied to low dimensional
Fermi superfluid or Fermi mixtures has been developed recently
[14-22].

Moreover, studies focusing on the nonlinear dynamics of the
ultra-cold degenerate quantum gases are now growing in the lit-
erature; for example, one can cite, without being exhaustive, the
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generation of different types of vortex rings [23-25], shock waves
[26,27] or chaotic dynamics [28], just to mention a few. In addition,
the inclusion of the Zeeman term in binary Bose-Einstein conden-
sates has allowed to generate gap of solitons when the spin-orbit
coupling between spin states is considered [29-31], which shows
the potential that entails the symmetry breaking generated by the
Zeeman term by unbalancing the number of particles per spin
state. Recently, a study on soliton in binary fermionic clouds in
the free space was analyzed [32]. Interesting review articles about
the nonlinear manifestation in degenerate quantum gases are to be
found in References [33-35].

In several situations, the non-equilibrium fermionic atoms are
maintained out of equilibrium by employing an external forcing.
This forcing can be constant or time-dependent. In time-dependent
forcing, one can add the modulation of at least one parameter of
the system under study. This type of energy injection is tradition-
ally denominated parametric forcing. For a parametrically driven
system, resonance occurs at a different frequency than that of the
forcing frequency; these classes of systems are currently topic of
interest [36-44].

The most well-known example of parametric instabilities is the
celebrated Faraday instability. Faraday discovered this instability in
a seminal work back in 1831 [45]. In his setup, a liquid is contained
in a vessel subjected to vertical oscillations. In this fluid system,
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the observed pattern oscillates at half of the driving frequency [45].
Subsequently, this universal phenomenon has been studied exten-
sively in the literature [46-49]. For example, the Faraday waves
(FWs) were observed in Bose-Einstein Condensates (BEC) [50-52].
The authors have shown that periodically modulating the trans-
verse confinement and thus the nonlinear interaction in the BEC,
excites small amplitude longitudinal oscillation through a paramet-
ric resonance. This observed effect was predicted a few years ear-
lier, using as a theoretical model, i.e., the parametrically driven
Gross-Pitaevskii equation [53,54]. More recently, the existence of
FWs was also predicted in a parametrically forcing elongated su-
perfluid fermionic cloud, using the framework of the superfluid hy-
drodynamics [55]. Further works on FWs in several ultra-cold sys-
tems can be found in Refs. [56-62].

This work aims at studying the Faraday waves that occur in a
parametrically driven elongated binary fermionic cloud. The para-
metrical forcing is applied in the transverse spatial dimension,
while a weak confinement potential is established in the longitudi-
nal dimension. We use a theoretical description in the continuum
framework for a one-dimensional, extended system. This descrip-
tion ensues from a mean-field theory, also taking into account the
non-variational term. In particular, the dissipation effects are intro-
duced in an ad-hoc manner by the inclusion of a phenomenolog-
ical damping coefficient [53,54,63,64]. Note that it was applied in
the same way by Arecchi et al. in the study of an open Bose system
[65].

The nonlinear term related to the fermion-fermion interaction
is the standard cross cubic one, such that its coefficient has been
chosen as a time-dependent function. In addition, the Zeeman in-
teraction has been addressed, showing that the term can mod-
ify the onset and the stability of the Faraday waves. In particu-
lar, we have computed the phase diagrams on the existence of the
FW and the degree of synchronization of the fermionic fields as
a function of the Zeeman parameter and the static coupling coef-
ficient. Finally, we show the influence of the driven frequency on
the waves, as well. The paper is arranged in the following manner:
In Section 2, the theoretical model is presented. In Section 3, para-
metric instabilities are numerically studied. Finally, the conclusions
are drawn in Section 4.

2. Theoretical model

The model consists of the coupling of two fermionic fields
through two nonlinear Schrodinger equations [19], valid within the
framework of the mean-field theory. The two components repre-
sent the spin-up and spin-down atomic states. The fields interact
through a cubic interaction term that describes the dispersion be-
tween species. The fermionic mixture is immersed in a quadratic
potential to confine the gas in a region of space (around z = 0). The
longitudinal potential (in the z direction) is far weaker than the po-
tential used for the transverse confinement. The confinement po-
tential in the transverse plane possesses a cylindrical symmetry.
In such a setting, we can use the reduced formalism of the one-
dimensional nonlinear Schrodinger equations [21,22]. Also, let us
comment that the interaction among the spin states is described
through the effective Pauli nonlinearity [32].

It has been shown previously that for a bosonic condensate, if
oscillations are induced on the transverse trapping potential, then
for some parameter values, Faraday waves are elicited [50-54]. In
the hydrodynamic description for fermions, one also expects Fara-
day waves [55]. However, these waves are unstable if only energy
injection is considered. For stabilizing the Faraday waves, it is nec-
essary to include dissipation. In the present paper, we will use the
technique introduced by Arecchi et al. to include the dissipation
term [65] ' = (1 —iy), where y is a dimensionless phenomeno-
logical dissipation parameter.
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In this framework, the Fermi-Fermi mixture can be described
by the following set of dimensionless equations:

) 2

lf)ﬂﬁ] = 1"[—822 +V; +E]1ﬁ1 + F|:4Tl% +g12n2i|1//1 (1)
and

) 2

0., :F[—822+V2—e]1ﬁ2+r|:4n§+g12n1i|1//2, (2)

where ¥y and 1, are the fermionic fields of the two spin states,
such that n; = |1//1|2 and n, = Wzlz correspond to the number
density of the two states, respectively. Besides, we denote the
“weak” harmonic confinement potential in the longitudinal direc-
tion z, for both species, by:

Vi(z) =V (2) = %a)zzzz, (3)

which is needed to ensure the confinement of the gas in a de-
termined spatial region (around z = 0). Due to the different spin
states, the Zeeman interaction comes in equations (1) - (2) through
the € term. Note that this term is not necessarily small and it de-
pends on the applied magnetic field.

The coupling coefficient, g5, depends linearly on the transverse
confinement, which in turn is proportional to the transverse mag-
netic field with cylindrical symmetry, which allows treating the
gases in a single spatial dimension (z). Experimentally, it is possi-
ble to generate oscillations in the interaction parameters by vary-
ing this cross-sectional field, producing a time-dependent coeffi-
cient g1 (t) [50]. This effect induces parametric instabilities. Here,
we consider the following time dependence for the coupling coef-
ficient:

g12(t) = g12.0(1 + pcos (2t)), (4)

where p <1 is a dimensionless parameter that quantifies the am-
plitude of the oscillations of the transverse confinement field and
2 represents the forcing frequency.

Note that in Egs. (1-2), we have the constraint that the total
number of particles,

N= /(m +1,)dz, (5)

is constant. Finally, let us comment that to characterize the differ-
ent dynamical regimes, we will use the Fourier power spectrum of
the temporal signal, i.e., |§,(w)|?, where § is the Fourier transform
of the temporal function h(7),

Sn(@) = h(t) exp (~iwt)dr. (6)

1 Tmax
V2 /0
If the time series is regular, |3, (w)|? has a finite number of quasi-
discrete peaks. On the contrary, the power spectrum is essentially
continuous and the original time series is chaotic [66].

3. Numerical simulations

In this section, we will characterize the Faraday waves dis-
played in Fig. 1. Due to the large number of parameters, we have
first set the dissipation parameter to y = 0.05, the confined po-
tential coefficient is set to w; = 0.1, and the total number of par-
ticles is fixed to N = 200. For most of the simulations the forcing
frequency is taken at €2 = 10. The numerical simulations of Eqs.
(1-2) have been performed using the standard fourth-order Runge-
Kutta algorithm and a second-order centered finite differences for
space discretization. The numerical parameters are At = 0.0025
and Ax =0.1 in a box of size L = 120 in dimensionless units. The
convergence of the numerical simulations was checked by repro-
ducing some results with smaller grid values of At and Ax and
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Fig. 1. Faraday pattern formation in a binary Fermi condensate. Here the Zeeman interaction term is set to € = 0.0. (a) The top panel depicts the space-time evolution of
the total density nr = ny + n, showing the appearance of the Faraday pattern. (b) Time evolution of the total density nr measured at z= 0. Lower panels are displaying the
density profiles at different times: (c) t; = 150, (d) T, = 180 y (e) 73 = 340. Parameters for this simulation were set to: 2 =10, w, = 0.1, y =0.05, p=1 and g3 = —2.82.
We measure that the Faraday wavelength is approximately Ar = 5.48 as shown in panel (e). Note that the spacing is not constant.

with different sizes of the integration domain L. All quantities pre-
sented in this manuscript have been computed as averages over
ten independent realizations of random initial conditions.

Panel (a) in Fig. 1 reveals that the total density, nr(t,z), be-
comes unstable and develop a Faraday wave pattern. We clearly
observe the transient states prior to the formation of the Faraday
waves. Panel (b) in Fig. 1 shows the total density time series for
the central point at z= 0. In this case, the transient lasts approxi-
mately 7 ~ 300. Panels (c) - (e) in Fig. 1 display some snapshots of
the spatial density profiles of each spin state nq, n,, as well as the
total density ny at three different times, i.e., T = (150, 180, 340),
respectively. The first two profiles are in the transient phase, while
for T =340, the characteristic oscillatory pattern of the Faraday
wave is clearly seen. From Panel (e) in Fig. 1 we measure an ap-
proximate wavenumber of kr = (27)/Ar ~ 1.15. Let us remind that
we have set the Zeeman parameter in Fig. 1 to € = 0. We will look
at the influence of such a parameter in the following subsection.

3.1. Zeeman effect

We expect a noticeable influence of the Zeeman term on the
stability and dynamics of the Faraday wave pattern observed in
Fig. 1. In this section, we will study the influence of the Zeeman
term by setting several different values of the parameter € in the
simulations of Eqgs. (1-2).

To avoid spurious results due to transient behaviors, signals cor-
responding to 6 x 103 x (277 /) initial time units are discarded in
the following simulations. Then, after the transient has elapsed, the
signal is acquired for 102 x (277 /2) time units.

Left panels of Fig. 2 display the space-time evolutions of the to-
tal density for different values of the Zeeman parameter. We have
set the parameter € to (4,2,0) from the top to the bottom panels in
Fig. 2. We can observe that when € = 4, the system exhibits a very
ordered Faraday pattern. On the contrary, when the splitting pa-
rameter value is reduced, the pattern becomes disordered until it
reaches a chaotic state when € = 0. This transition is also observed
through the power spectra of the total density taken at the central
point, A, (@) = [T, (z=0) (w)|?, as shown in the right column pan-
els of Fig. 2. Indeed, in panel (b), we observe that the frequency
associated with the maximum power is €2/2, which is the charac-
teristic value for the parametric instabilities. In contrast, in panel
(f), a continuum of frequencies is observed in the power spectrum
typical of spatiotemporal chaos and the Faraday waves are unsta-
ble.

Fig. 3 displays a phase diagram of the stability of the Faraday
waves as a function of the parameters gj, o and €. We observe
three separated regimes. The first regime, in the upper right corner
in Fig. 3 corresponds to oscillations that do not develop a spatial
pattern (background oscillations). The second regime corresponds
to the Faraday waves that are stable in a range of values given in
Fig. 3. Finally, there is a region below the (red) dashed-square line
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Fig. 2. Influence of the Zeeman interaction term on the stability of the Faraday pattern. From top to bottom, we have set the parameter to € = 4.0, € = 2.0 and € = 0.0. The
left panels correspond to the space-time evolutions of the total density. The right panels correspond to the power spectra of the FFT for the central (z = 0) time evolution
total density ny. In the simulations, we have set g1, 9 = —3.23, and the rest of the parameters are fixed as in Fig. 1.

in Fig. 3 where the Faraday waves experience a secondary bifurca-
tion, and the resulting regime is chaotic. The phase diagram shown
in Fig. 3 was computed using the Fourier power spectrum of the
total density as a tool to determine the pattern.

Let us now characterize the dependence of the Faraday wave-
length pattern A as a function of the Zeeman splitting parameter
€ as shown in Fig. 4. Again, to calculate this wavelength, we will
use the Fourier transform. This time we will use the spatial ver-
sion of the FFT. We evaluate Ar by following these steps: first, we

subtract from the total density, nr, its time average,
Az, T)=n7(z.T)- <n7 (2, T) >¢.,

which produces a spatiotemporal pattern of zero mean. Secondly,
we evaluate the spatial Fourier spectrum of A at different times,

+L/2

1
SalkT) = «/?TT /—i/z

A(z, t)exp (—ikz)dz, (7)
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Fig. 4. Dependence of the Faraday wavelength, Ar as a function of € for three dis-
tinct values of g120: —3 (blue dot symbols); —3.25 (cyan square symbols); —3.50
(red diamond symbols). The rest of the parameters are set to the same values as
in Fig. 1. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

where L is the system size in which the pattern is confined. We
record [Sa (k, 7)|2 in intervals of every 0.05 unit of time, and then
we calculate the temporal average, < Sp >, which is a function
only of A =2m/k. Finally, we determine for which specific wave-
length this temporal average spectrum shows the highest peak in
the FW regime. This peak is generally much larger than any others.
This procedure gives an approximate value for A extracted from
the space-time plot. Fig. 4 shows Ar as a function of € for three
different values of g5 9. We observe that when the Zeeman pa-
rameter increases, the wavelength decreases globally but in a non-
monotonous fashion. We note that the wavelength is not sensitive
to the values of the interaction between the fields g, o. However,
the range of existence of the FW is sensitive to the coupling pa-
rameter. One notes that it increases when the coupling value is
decreased.
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Because we have two interacting fields, it is natural to ask if
this interaction leads to a synchronized state between the two
fields. The natural way to characterize such a synchronized state
is to compute the Pearson coefficient,

(6182),,

Jor?), 07,

which serves as an indicator for complete synchronization [67-70].
In Eq. (8), the symbol §; means §; = n; —(n;) _and ( ), denotes
the space-time average of the correspondingy variables. The Pear-
son coefficient varies in the range [-1,1], and values close to one
indicate complete synchronization while vanishingly small values
indicate the lack of synchronization.

Panel (a) of Fig. 5 shows the Pearson coefficient, Cp, as a func-
tion of the coupling parameter, gq o, for several values of the Zee-
man parameter, €. We notice that the level of synchronization be-
tween the fields decreases when the splitting parameter increases.
When € = 0, the system is always synchronized regardless of the
coupling parameter. This changes as the value of Zeeman grows. In
fact, for small and intermediate values of €, we notice that C, de-
creases smoothly when the coupling increases. For large values of
the splitting Zeeman, the synchronization decays until values of C,
close to 0.6.

Another information is given in panel (b) of Fig. 5, where the
ratio between field densities, N, /Ny, is shown as a function of the
coupling parameter, g1 9, for the same fixed values of € as in Panel
(a) of Fig. 5. We note that the ratio N,/N; increases when € in-
creases. For a fixed value of €, the ratio No/N; of the two field
populations is growing as a function of the coupling parameter. In
summary, large values of the coupling parameter, g1 ¢ (in absolute
value) and small Zeeman parameter, € are key to maintain the two
fields completely synchronized.

Fig. 6 illustrates the influence of the Zeeman parameter on the
degree of synchronization and segregation between the two inter-
acting fields. Figs. 6 (a, b) correspond to € = 1.0 and we observe
that the two fields are synchronized. The value of the Pearson co-
efficient is computed and is Cp ~ 1. On the contrary, Figs. 6 (c, d)
show two decoupled fields and both Cp and N,/N; are no longer
close to one. In the lower panels of Fig. 6, the space-time evolu-
tion of the individual densities does not have the same color scale.
The Faraday wave pattern is observed at the same time that un-
synchronized states are also observed.

G = (8)

3.2. Influence of the driving parameters

Fig. 7 depicts a phase diagram for the existence of the Faraday
wave as a function of the coupling parameter gy, 9 and the mod-
ulation amplitude p. This diagram is drawn with three different
values of the Zeeman parameter, i.e., € = (0, 2, 4). We observe that
for p < .6, only background oscillations are possible. The amplitude
of the perturbation is not large enough to elicit the Faraday waves.
Fig. 7 also reveals and that for larger values of the interaction gy, 0
(in absolute values), smaller values of p are needed for showing
the existence of FW. Also apparent from Fig. 7 is that when the
Zeeman parameter increases, the domain of existence of the FW is
shrunk.

To end up with the exploration of the coupled fermionic fields,
we study the effect of the forcing frequency, €2, on the Faraday
waves occurrence. Fig. 8 shows how the wavelength A varies as
a function of 2 for different values of the Zeeman splitting pa-
rameter. We can observe that the wavelength is a decreasing func-
tion of the forcing frequency 2. However, the decay is not strictly
monotonous. Indeed, the decrease of the wavelength happens in a
staggered fashion. The latter is presumably due to the finite size of
the system and the influence of the boundary conditions. Also, at
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a fixed forcing frequency, when € increases, the wavelength de-
creases. This could be explained easily with the following argu-
ment. When the magnetic field increases, the confined spatial re-
gion of the wave becomes narrower, and therefore the associated
length is reduced. From Fig. 8, we also remark that the range of
existence for the FWs is somewhat reduced for higher values of
the Zeeman parameter.

4. Conclusions

Faraday waves have been shown to exist in a binary Fermi mix-
ture. This paper has studied them using numerical simulations in
the mean-field approximation in one spatial dimension. Dissipation
has been introduced through a non-variational term. The paramet-
ric forcing has been included in the effective nonlinear coupling
parameter, which is the standard way compatible with the experi-
ments.
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A novelty of our study of Faraday waves in cold gases is the
introduction of the Zeeman interaction. The influence of the Zee-
man interaction parameter on the existence and stability of the FW
has been investigated. We have observed that the Zeeman param-
eter helps in stabilizing the FW. Another conclusion is that the FW
wavelength becomes shorter when increasing the Zeeman interac-
tion. In addition, an increase in the Zeeman parameter causes the
fields to desynchronize by introducing a symmetry breaking in the
density of the spin states. The region of existence of the waves was
computed as a function of several system parameters, showing dif-
ferent phase diagrams.

Finally, we have also shown that the forcing frequency modifies
the stability region of the FW and their wavelength drastically.

As a future task, we plan to analyze the generation of Faraday
waves in higher spatial dimensions with other kinds of potential
confinements.
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