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Keywords: In this work, we study when an aggregation operator preserves the structure of T-subgroup
Aggregation operator of groups whose subgroup lattice is a chain. There are two widely used ways of defining the
t-norm

aggregation of structures in fuzzy logic, previously named on sets and on products. We will focus
our attention on the one called aggregation on products. When the lattice of subgroups is not a
chain, it is known that the dominance relation between the aggregation operator and the t-norm
is crucial. We show that this property is again important for some of the groups in this study.
However, for the rest of them, we must define a new property weaker than domination, that will
allow us to characterize those operators which preserve T-subgroups.
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1. Introduction

Information fusion in data handling and interpretation is essential in a wide variety of fields in science. Aggregation operators are
functions that allow us to perform this fusion and have a strong presence in current research (see for instance [6,9,10,17]). When the
data to be aggregated are endowed with a specific structure, it is of particular interest to know under which conditions this structure is
preserved under fusion. In particular, the study of the preservation of fuzzy structures has been gaining relevance since its beginnings
in [13,21] including structures such as T-indistinguishability operators or fuzzy implications (see, for instance, [12,14,23,25,27]).
In all these studies, the preservation of structures under aggregation is studied according to two different definitions, but without
highlighting this distinction. For example, Saminger, Mesiar and Bodenhofer proved in [27] that an aggregation operator A preserves
T-indistinguishability operators if and only if A dominates the t-norm 7. However, they did so with a definition of aggregation
of T-indistinguishabilities different from the one later used by Drewniak and Dudziak in [12]. Although they obtained the same
equivalence in that case, this is different if we look at other fuzzy structures. In 2021, Pedraza, Rodriguez-L6pez and Valero (see
[22]) fixed the aggregation notation on sets and on products to be able to distinguish both definitions. They also showed that these
definitions are not equivalent in the context of preservation of fuzzy quasi-metrics among others. A more exhaustive distinction
between those works using either definitions of aggregation of fuzzy structures can be found in [3].

Since its definition by Rosenfeld in [26], a large amount of works regarding fuzzy subgroups have been developed (see [1,11,
20,28]). In this context, there exists a close relation between T-subgroups and T-indistinguishability operators (see [8,15]). More
precisely, we can define T-indistinguishability operators making use of T-subgroups and vice versa. This relation provides several
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fields of possible application of T-subgroups such us image processing, fuzzy classification systems under uncertainty, imprecision
or vagueness, or approximate reasoning (see, for instance, [7,24,29]).

The study of the preservation of T-subgroups started in [4], where a characterization of the aggregation operators that preserve
T),-subgroups on sets was given. Note that T, denotes the minimum t-norm. Some of the authors of the present contribution
continued in the same direction with a more general study (see [3]), which analyzed the relationships between the two definitions
of aggregation of T-subgroups. In these papers, they had to distinguish groups according to their lattice of subgroups. We denote
the lattice of subgroups of a group G by Lar(G) and it is said that this lattice is a chain if for all H,, H, € G subgroups of G, either
H, C H, or H, C H,. C shall be the set of all groups whose lattice of subgroups is a chain, i.e.:

C={G |G is agroup and Lat(G) is a chain}.

The authors of [3] found necessary and sufficient conditions for an aggregation operator to preserve T-subgroups on both products
and sets when we have an ambient group G ¢ C. Moreover, they showed which aggregation operators preserve T),-subgroups when
G € C. However, the study of aggregation operators that preserve T-subgroups for arbitrary t-norms and G € C has not yet been
considered. In the context of the aforementioned applications, it is interesting to study the case of t-norms apart from the minimum
to extend the possibilities for practitioners.

Section 2 establishes some important definitions that will be used throughout the article. Section 3 presents some background
results that will be very useful in the sequent proofs and discussion. Moreover, we present some new important definitions. In
Section 4, we study the necessary and sufficient conditions for the preservation of T-subgroups on products when the ambient group
G € C, and we provide further implications on sets. Finally, Section 5 gives a general overview and establishes some open problems.

2. Preliminaries
In this section we present some general results and definitions that will be useful throughout the paper.

Definition 2.1 ([19]). A triangular norm, t-norm for short, is a binary operation T : [0, 1]?> - [0, 1] such that for all x,y,z € [0, 1] the
following axioms are satisfied:

T1. T(x,y)=T(y,x). (Commutativity)
T2. T(x,T(y,2))=T(T(x,y),2). (Associativity)
T3. T(x,y) <T(x,z) whenever y < z. (Monotonicity)
T4. T(x,1)=x. (Boundary condition)

Example 2.2. Here we present some important examples of t-norms:

1. Ty (x,y) =min{x, y}. (Minimum t-norm)
0 if <1, .
2. Tp(x,y)= ) max{x,y} (Drastic t-norm)
min{x,y} if max{x,y}=1.
3. Tp(x,y)=xy. (Product t-norm)
4. T;(x,y)=max{x+y—1,0}. (Lukasiewicz t-norm)
y if max{x,y} <1 |
5. Tp/e(x,y) = S with s € [1, o).
min{x,y} if max{x,y}=1

Remark 2.3. The family of t-norms Tp,, from the previous example satisfies:
Tp <Tpys, <Tpy, <Tp for 1<s; <sp<oo.

These t-norms are going to be instrumental in the obtention of some counterexamples in this manuscript.

Fuzzy subgroups were first defined by Rosenfeld in [26]. In [1,2], Anthony and Sherwood redefined them to include an arbitrary
t-norm T and a normalization condition. Let X be a non-empty set and let [0, 11X denote the set of all fuzzy sets u : X — [0, 1].

Definition 2.4. Let G be a group, u € [0, 1]° a fuzzy subset of G and T a t-norm. y is called fuzzy T-subgroup of G if:

G1. u(e) =1 where e € G denotes the neutral element.
G2. u(x)=u(x"H vxeaq.
G3. u(xy) 2T (u(x), u(y) Vx,y €G.

Definition 2.5 ([26]). Let G be a group and u a fuzzy set of G. For each ¢ € [0, 1], the level set y, and the strict level set y' are defined
as follows:
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e ={xE€G | u(x)=1}; W={xeG|ux)>1t}
The support of y is defined by supp u = u°.

Proposition 2.6 ([11]). Let G be a group and u a fuzzy set of G, then u is a T),-subgroup of G if and only if all its non-empty level sets
are subgroups of G and p(e) = 1.

Definition 2.7 ([9]). Let A : [J,cy[0.11" - [0,1] be a function. A is called aggregation operator or aggregation function if:

Al. For all x=(x,...,x,), y=,....y,) €[0,1]" such that x; < y; Vi € {1, ...,n}, we have A(x|,....x,) < AW, .... V-
A2. A(0)= A(0,...,00=0and A(1)=A(l,...,1)=1.
A3. A(x)=x for all x €[0,1].

Each aggregation operator A can be represented as a collection of n-ary aggregation operators A, : [0, 1]" — [0, 1] satisfying Al and
A2 if n > 2 and additionally A3 if n = 1. In order to shorten some of the proofs, we will use the notation A instead of A, if the context
is clear enough.

We can follow [3] to define the aggregation of fuzzy T-subgroups, both on products and on sets.

Definition 2.8 ([3]). Let A : [J,y[0,1]" — [0,1], be an aggregation operator, T a t-norm and n € N. Given n fuzzy T-subgroups
Ui, ..., 4y, of a group G, we denote by u the map u : G — [0,1]", with:
H(xX) = (uy (%), ..., 1y (X))
for x in G and we define the aggregation of fuzzy subgroups on sets as Aoy, where:
Aou(x) = A(py(X), ..., Hy(X)).
We will say that A preserves the structure of T-subgroup on sets if and only if Aoy is a T-subgroup for any u as above.
In the same way ji denotes i : H:’=1 G - [0,1]" with:
Jx) = (uy (X)), ..., 1y (x,)
for x =(xy,...,x,) in []_, G. We define the aggregation of fuzzy subgroups on products as Aofi, where:
Aoja(x) = A(py(x1), ..., My (X))
As before, we state that A preserves the structure of T-subgroup on products if and only if Ao is a T-subgroup for any f as

above.

3. Aggregation of T-subgroups and domination

In this section we compile some known results on aggregation of T-subgroups that will be useful throughout this paper. We also
introduce the dominance relation and we define new weaker types of domination that are going to be determinant in the following.

Proposition 3.1 ([3]). Let G be a non-trivial group, A : |J,cy[0, 11" — [0, 1] an aggregation operator, and u, ..., u, T-subgroups, then the
fuzzy subgroup axioms G1 and G2 are satisfied by Aoy and Aof.

Hence, in order to characterize the situations where A preserves T-subgroups of G, it is enough to prove whether or not an
aggregation operator preserves the fuzzy subgroup axiom G3.
Proposition 3.2 in [3] shows that the preservation of T-subgroups on products implies the preservation of T-subgroups on sets.

Proposition 3.2 ([3]). Let G be a non trivial group, T a t-norm, and A an aggregation function. If A preserves the structure of T-subgroup
on products then A also preserves this structure on sets.

The dominance relation introduced in [27] plays a key role in the preservation of different fuzzy properties as is the case of
T-indistinguishability operators or T-subgroups of a group G ¢ C (see [3,22,271]).

Definition 3.3 ([27]). Consider an n-ary aggregation operator A, and an m-ary aggregation operator B,,. We say that A4, domi-
nates B, if for all x;; €10,1] with i€ {l,...,m} and j € {1,...,n}, the following property holds:

B(m)(A(,,)(xl,l, ,xl’n), ,A(")(xm’l, ,xm,n))

< A(,,)(B(m)(XU, s Xy 1)y e ’B(m)(xl,,,, s X))
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Let now A and B be aggregation operators. We say that A dominates B if A, dominates B, for all n,m € N.

Remark 3.4. Given that t-norms are associative aggregation operators, A dominates T if and only if A, dominates T for all integers
n> 1. That is, for each n:

AT (xp,y1)s e T(x09,) 2 T(A(x s .0 %,), AV -0 V)

for all (xq,...,x,),(y,....y,) €0, 1]".

The domination property is quite strong and it always ensures the preservation of T-subgroups as we can see in [3] (Theorem
3.14).

Theorem 3.5 ([3]). Let G be a group and T a t-norm. If A is an aggregation operator that dominates T, then A preserves the structure of
T-subgroup on products and hence on sets.

When the subgroup lattice of the ambient group is not a chain, the aggregation operators preserving the structure of 7-subgroup
on sets are the same that the ones preserving this structure on products. Moreover, the only operators to do so are those which
dominate the t-norm. This is a consequence of Theorem 3.18 and Corollary 3.19 in [3].

Theorem 3.6 ([3]). Let be a group G ¢ C, T a t-norm and A : |,y [0, 11" — [0, 1] an aggregation operator. The following are equivalent:

neN

(i) A dominates T.
(ii) A preserves the structure of T-subgroup on sets.
(iii) A preserves the structure of T-subgroup on products.

Note that in the previous theorem we have imposed G & C in order to obtain the converse implication of Theorem 3.5 for the
aggregation of T-subgroups on sets and on products.

From now on, we will focus on the study of preservation of T-subgroups when G € C. Theorems 3.5 and 3.10 in [3] show what
happens in case of T =T},. They can be stated as follows.

Theorem 3.7 ([3]). Let G be a non-trivial group. The following are equivalent:

i) GecC.
(i) Every aggregation function preserves the structure of T),-subgroup on sets.

Theorem 3.8 ([3]). Let G be a group and A an aggregation function. Then the following are equivalent:

(i) A dominates the minimum t-norm, T),.
(ii) A preserves the structure of Ty, -subgroup on products.

Remark 3.9. Note that all proofs in [3] include both finite and infinite groups. For the subsequent results, the two possibilities will
have to be considered separately. The case of infinite groups is studied in subsection 4.5.

Thus, the preservation of T-subgroups, both on sets and on products when T # T), and G € C was not addressed in previous
studies and will be the subject of the next section. However, we must first define some new concepts related to domination which
play a central role in this work. In order to do that, we recall some notation and properties regarding t-norms.

Definition 3.10 ([18]). Let T be a t-norm, x € [0, 1] and k € N. We define x#‘) as:

) x ifk=1,
X, =
T TGV x)  ifk#1.

Remark 3.11. Note that, in the sense of Definition 3.10, the sequence {x(k)

+ Jken is non-increasing due to the monotonicity of the
t-norm 7.

Lemma 3.12 ([5]). Let u be a T-subgroup of a group G and k € N. Then:

wa) > u@ vaeG.
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Lemma 3.13 ([5]). Given a t-norm T and a number k € N greater than or equal to 2, we have:

(k) _ (k) (ko)
Xr —T(xT X )

for all x €[0,1] and ky,k, €N such that k| + k, = k.
The next definition suggests weaker forms of domination.

Definition 3.14 (Type-k domination). Given k € N, we say that an aggregation operator A, type-k dominates a t-norm T if:

AT (g, y1)s o T ) 2 T(AX 0 X,), AWy -5 Y))s ®

for all (xy,...,x,),(¥,...,¥,) €[0,1]" such that for each i € {1,...,n} one of the following conditions applies:

- max{x;,y;} =1.
- min {x;, 5} > (max{x;,y,})(rk).

We denote this fact by A>, T.
For k =0 we say that A type-0 dominates T if (1) holds for all (x|,...,x,),(y,...,»,) € [0,1]" such that max{x;,y;} =1 for each
i€{l,...,n} and we denote it A>>(T.

Remark 3.15. Let us list some of the features of type-k domination:

1. If we set k = 1, the statement min{x, y} > (max{x, y})frk) is equivalent to the condition x = y for any x, y € [0, 1]. Therefore, A>, T
if and only if the inequality (1) holds for all (x,,...,x,),(»;, ..., ¥,) €[0,1]" such that for each i € {1, ...,n} either max{x;, y;} =1
or x; = y; (Fig. 1b).

2. Note that type-k domination relaxes the conditions of domination since it reduces the domain where inequality (1) is required.
This domain restriction only depends on the t-norm and the value of k. Moreover:

(max{x, y) > (max{x, yH*" >0

for all k > 1. This suggests that there are going to be more points satisfying the inequality min{x,y} > (max{x, y})g”l) than
min{x, y} > (max{x, y})g‘). Hence, the property A, T is more restrictive than A >, T and, therefore, closer to the property of
domination in that respect. As a consequence, given k;,k, €N where k; > k,, we have the following chain of implications:

A>T=>A> T=>A>, T=>A>T.

Domination is then stronger than type-k domination for all kK € N and this in turn, is stronger than type-0 domination. We will
see in later examples that these dominations are different in general.

3. In Fig. 1 we show for which points inequality (1) should be imposed so that A >, T for some chosen k and different t-norms.
This inequality should be true whenever any point (x;, y;) lies in the shaded area for all i € {1, ...,n}. Note that these areas do
not depend on the selected t-norm when k =0 (Fig. 1a) or k =1 (Fig. 1b). However, taking Tp and T; we can check that this is
not true for greater values of k (Figs. 1c, 1d, 1e and 1f). Hence when defining type-k domination we are restricting the domain
where inequality (1) holds. This restriction only depends on the t-norm.

Type-k domination will play a fundamental role in the preservation of T-subgroups on products when G € C.
4. Aggregation on products when the subgroup lattice of the ambient group is a chain

The aim of this section is to analyze the preservation of T-subgroups on products when T is an arbitrary t-norm. That is, to
find a result analogous to Theorem 3.8 without imposing the t-norm to be the minimum. The dominance property will again play
a crucial role since, in any case, it is a sufficient condition for an aggregation operator to preserve T-subgroups on products (hence
also on sets). This fact allows us to claim that those aggregation operators that preserve T-subgroups of G € C must be related to T
by means of a property equal to or less restrictive than domination. Indeed, when domination is too strong, type-k domination will
be the appropriate condition to ensure the preservation of the T-subgroup structure. All the main results of this article are intended
to elucidate the nature of these relations.

First of all, we must bear in mind that the only finite groups where La#(G) is a chain are cyclic. Moreover, those groups have p™
elements with m € N and p a prime number. The only infinite groups in C are the Priifer p-groups Z(p*) where p is a prime number.
There are different ways of defining these groups. Priifer groups can be defined as the set of the p"th complex roots of unity for
all m € N with the complex multiplication as the operation. It may also be defined as Q%) /Z where Q@ is the group of all rational
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(a) type-0 domination with any T (b) type-1 domination with any t-norm T

(c) type-2 domination with Tp (d) type-5 domination with Tp

(e) type-2 domination with T, (f) type-5 domination with T,

Fig. 1. To ensure that A>, T, (1) must hold as long as the point (x;, ;) lies in the gray area of the corresponding plot for all i € {1,...,n}.

numbers whose denominators are powers of p. Therefore, all proper subgroups of Z(p*) are cyclic, of finite order and isomorphic to
Zm for some m € N. A detailed study of Priifer groups and their properties can be found in [16].

Once we have established which groups are included in C, we will carry out a systematic study depending on the properties of
these groups, since the relations between A and T that characterize the preservation of T-subgroups on behalf of A will depend on
the ambient group. To begin with, we prove in Example 4.1 that, in general, not every operator preserves T-subgroups on products.

Example 4.1. Let G be a group. Define the function A : [ J,y[0, 11" = [0, 1] so that its n-ary operators have the form:

1 if x;=1for someie({l,...,n},
A(X1, ,x,,)= .
0 otherwise .
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It is easy to prove that A is an aggregation operator. Let us take now x,, ..., x, €]0, 1[ and define the fuzzy sets y,, ..., u, such that for
eachie{l,...,n}:

@ 1 ifz=e,
(z)=
Hi x; ifz#e.

1

Since the level sets of each of these fuzzy sets are subgroups of G, we have that y,,...,u, are T),-subgroups by Proposition 2.6 and
therefore they are also T-subgroups. Let us choose:

a=(ay,...,a,),b=(b,...,b,) €G"

with a;,b,,...,b, €G\ {e} and b, =a, = --- =a, =e. Here, a;b; #e for all i € {1,...,n} and:

Aojfi(ab) = A(xy,...,x,)=0<1=T(A(x,1,...,1), A(1, x5, ..., Xx,,))
=T(Aoju(a), Aoju(b)).

Consequently, A is an aggregation operator that does not preserve T-subgroups on products.

In addition, the following example shows that domination is not a necessary condition in general for the preservation of T-
subgroups when G € C. Theorem 3.8 does not hold then when we employ some t-norms other than the minimum.

Example 4.2. Let A=Tp and T =Tp,. In [3] we found that A 3 T. Nevertheless A actually preserves 7-subgroups of G = Z,. Given
Ui, ..., 4, T-subgroups of G, it was verified that for all a,b e G":

Tpom(ab) =[] wui(ab) > Tp) <H m@). [ ] /4,-(b,-)> @
i=1 i=1 i=1

=Tpp (Tpoji(a), Tpoju(b)).

Thus, domination is not a necessary condition for the preservation of T-subgroups when T # T, although it is a sufficient condition.

In order to characterize the aggregation operators preserving T-subgroups on products when Lat#(G) is a chain, we will make use
of type-k domination whenever full domination is not necessary. Depending on the order of the group of C under consideration, we
will need to take a different value of k. We detail the particular case treated on each subsection:

4.1 Groups with 2 and 3 elements.

4.2 Cyclic groups with 4 and 5 elements.

4.3 Groups with prime order greater than 5.

4.4 Cyclic groups with order p™ > 4, being p a prime and m an integer greater than or equal to 2.
4.5 Infinite Priifer p-groups.

The following result establishes that any aggregation operator that preserves T-subgroups on products must type-0 dominate 7'.

Theorem 4.3. Let G be a group, T a t-norm and A an aggregation operator such that A preserves T-subgroups of G on products. Then
A>,T.

Proof. Fixing (xi,...,x,),(y,...,y,) € [0,1]" such that max{x;,y;} =1 for all i € {1,...,n}, we can define y,..., u, T),-subgroups of
G as follows:
1 ifz=e,
u;(z) = ) . = foreachie {1,...,n}.
min{x;,y;} ifz#e
They are in fact T),-subgroups due to Proposition 2.6. Let us take a = (ay, ...,qa,),b=(b,...,b,) € G" such that for each i € {1,...,n}:

- a;#e, by=eif min{x;,y;} € {x;,1},
- a;=e, b #eif min{x;,y;} =y, <1.

In all cases we have that x; = y;(a;) and y; = y;(b;). Moreover a;b; # e and max{x;,y;} =1 for alli € {1, ...,n}, so u;(a;b;) = min{x;, y;} =
T(x;,y)-
Since we have assumed that A preserves T-subgroups of G on products, then:

ATy y). o T(x,,9,)) = Aofi(ay by, ... a,b,) = Aoju(ab)

2 T(Aop(a), Aoju(b))
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=T(A(uy(ay), - un(ay)s AQuy (by)s ... 1y (B,)))

=T(A(x), ..., %), A1, -5 V)

Therefore, A>,T. [

Remark 4.4. This theorem together with Theorem 3.5 states that, for any group, any property that characterizes the preservation of
T-subgroups on products under aggregation must be weaker than domination but stronger than type-0 domination. We will see that
such property is type-k domination.

4.1. Groups with 2 and 3 elements

We will show now that, if the cardinal of the group G is 2 or 3, the converse of Theorem 4.3 is also true. However, this situation
does not hold true in general for other groups as we will see in the next section.

Theorem 4.5. Let T be a t-norm, A an aggregation operator and G a group with 2 or 3 elements. The following statements are equivalent:

(i) A preserves T-subgroups of G on products.
(i) A>,T.

Proof. (i)= (ii) It is a direct consequence of Theorem 4.3.
(ii) = (i) Let us suppose that A>,T. Given n €N, u,, ..., u, T-subgroups of G and a,b € G", let us check that:

Acji(ab) > T(Acji(a), Aou(b)).

Since |G| € {2,3} and G1 and G2 must be satisfied, all T-subgroups must be in the form:

ﬂi(Z)={] %fz=e,
o ifz#e
with a; €[0,1] for each i € {1,...,n}. We will choose (x,,...,x,), (¥, ..., ¥,) € [0, 1]" such that for every i € {1,...,n}:
x; 2 pia), v 2 u(b), wi(ab)>T(x;,y;) and max{x;,y;}=1. (3)
With this constrains, the points (x|, ...,x,),(y;,...,y,) satisfy inequality (1) in Definition 3.14. As we supposed that A>T
Aoji(ab) = A(uy(ayby), ..., uia,by)) 2 AT (x1,y1), ... . T (X ¥) @
2T(AX s X)) AV 5 V)
2T(A(ui(ay), ..., uy(ay)), Ay (by), ..., 1, (b))
=T(Aoji(a), Aoji(b)).

In order to choose each pair (x;,y;), we will proceed as follows. If y;(a;b;) =1, it suffices to fix (x;,y;) = (1,1). So let us suppose
that p;(a;b;) # 1. In that case, and given that y; is T),-subgroup, we have that 1 > o; = y;(a;b;) = min{y;(a;), u;(b;)}. There are two
possibilities here:

- If p;(a;) = min{ y;(a;), u;(b;)}, we will take x; = p;(a;) = p;(a;b;) and y; = 1 > p;(b;).
- If p;(b;) = min{ u;(a,), u;(b,)}, we will take x; = 1 > u;(a;) and y; = p;(b;) = p;(a;b;).

Hence, (3) and (4) holds and A preserves T-subgroups. []
Under the conditions of the above theorem we obtain the next corollary as a consequence of Proposition 3.2.

Corollary 4.6. Let T be a t-norm, A an aggregation operator, and G a group with 2 or 3 elements. If A>T then A preserves T-subgroups
on sets.

Remark 4.7. Note that, when T =T, Theorem 3.8 states that A > T, if and only if A preserves T),-subgroups on products.
If |G| € {2,3}, Theorem 4.5 establishes that A preserves T-subgroups if and only if A >, T. Thus, we can draw the scheme of
implications of the Fig. 2 and claim that A > T, if and only if A>>, T),.

Since both properties do not depend on the chosen ambient group, the latter equivalence can be proved directly by means of the
following characterization of dominance over T, provided by Saminger, Mesiar and Bodenhofer in [27]:
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A>T =———————————————= A preserves T-subgroups on products =——-———— A>T

ifT=T, if |G| € {2.3}

Fig. 2. Relation between domination, type-0 domination and preservation of T-subgroups on products.

A>T, if and only if
A(xy, ..., x,) =min{A(x;,1,.... 1), ..., A1, ..., 1, x,)}

for all (xq,...,x,),(»,...,¥,) €[0,11".

Nevertheless, type-0 domination and usual domination are not equivalent in general. Example 4.2 shows that T % T/, but Tp
preserves Tp,-subgroups on products. By Theorem 4.5 we have that T >, Tp, so this example highlights the differences between
both forms of domination, >, and >.

4.2. Cyclic groups with 4 and 5 elements

Let us illustrate with an example that type-0 domination is not a sufficient condition for the preservation of T-subgroups on
products if the ambient group is cyclic of order greater than 4.

Example 4.8. In Remark 4.7 we showed that T 3> Tp,. Let us see that, if G = (g) with |G| =r > 4, we can construct 7} ,-subgroups
such that their aggregation under T} is not a T ,-subgroup. Let n be a natural number greater than 2 and the T-subgroups:

1 ifz=e,
w=13 ifze(gg ),
% otherwise

for each i € {1, ...,n}. It is easy to prove that these are indeed T-subgroups of any of the aforementioned groups. In addition, if we
fix a,b € G" so that a; =b, =g for all i € {1, ...,n}, we obtain that u;(a;) = u(b;) = % and u(a;b;) = u(g?) = % Thus:

- 1 1 1 1 - -
Tpofiab) = o < 53z =Tpps (3535 ) = Tp/2(Tpoh(@). Tpoh(b))

concluding that there is no preservation of Tp ,-subgroups.

Before looking for the relationship between A and T to guarantee the preservation of T-subgroups in these new cases, we need
to introduce some results that provide information on the structure of T-subgroups in cyclic groups.

Lemma 4.9. Let u be a T-subgroup of a cyclic group G with order r. Then we have that either u(a) =1 for all a € G or u(b) # 1 for every b
generator of the group.

Proof. Given b€ G such that G = (b). If u(b) =1 we can take a € G \ {e} so that there exists k € {1, ...,r— 1} with a = b¥. Hence:

12> u(a) = ub*) > u) =19 =1

and then u(a) = 1. Thus, it follows that if 4(b) # 1 for some generator b, then i does not take the value 1 for any other generator. []

Corollary 4.10. Let u be a T-subgroup of a group G with a prime number p of elements. Then we have that either u(a)=1 for all a € G or
u@ #1 forallaeG\ {e}.

With the following theorem, we get to characterize the T-subgroups of a cyclic group.
Theorem 4.11. Let u € [0, 1]¢ with G = (g) a cyclic group with order r € N. The following are equivalent:

(i) uis a T-subgroup of G.
(ii) u must be of the form:

1 ifz=e,
a ifze{g.g7'}

¢l

uz) = 5

l

(ST
(ST

)

a[%] ifze {g[
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with a, ... ,aH €[0,1] and a, > T(aj,ak)for all:

w0 €D, =((xy.2€ {1 4] }3 Ix€(y+zz-yr—y—z}).

Proof. (i) = (ii) Let us suppose that yu is a T-subgroup of G = (g) so that the properties G1 — G3 are satisfied. It is therefore necessary
that u(e) = 1. In addition, for each u € { 1,..., [%] } we can define a, := u(g"). Since u is T-subgroup and (g*)~! = g™, we can describe
u as in (5).

It only remains to prove that a, > T'(« s ) for all

(u,j,k)e{(x,y,z)e{l,...,[g]}3 |x€{y+zz-yr—y-z}}.

We will verify the inequality for each possible value of u, always keeping in mind that 1 <u < [%] and that u is T-subgroup:

1. ffu=j+k:

a, = p(g") = u(g™) = u(g’ g") > T(u(g’), u(g") = T(a;. a;).

2 fu=k—j:

a, = p(g") = u(g") > T(u(g"), u(g™) =T(a;, a;).

3. fu=r—j—k:
a, = p(g") = u(g ) = (e 2 T(u(g™), u(g™) = T(a;, ).

Therefore y must be in the form described in (ii).
(ii) = (i) It suffices to show that u defined as in (ii) fulfills the T-subgroup properties. G1 is trivially satisfied. To derive G2 let us
take a € G\ {e}. We can write a = g0 with u, € {1,...,r—1}.

- If e{l[%] } then u(a) = u(g") = a,, = p(g™0) = p(a™).
- Ifuoe{[g] +1,...,r—1}, then r—uoe{l,...,[%]} and:

@) = u(g0) = (g ™) = u(g ") = a,_, = uE ") = u(g™0) = p(a").

Thus, u satisfies G2.
Finally, let us check G3. Let a,b € G and suppose that a, b, ab & {e} (otherwise G3 is directly satisfied). Since:

G\let={g"...e"} = |J {eg}

<f-f3])

it is clear that there are u,j,k € {1 [%]} such that a € {g/,g7/}, be {gF.g*} and ab € {g".g7"} C {g/*F, gk~ g/7k g=iF}.

Furthermore, g’ /=% = g=/=k = (g/*%)~! and g/~* = (g¥~/)~!. Two situations are possible:

L. a, = u(ab) = p(g/**) = u(g"™=").
2. a, = p(ab) = u(g"~) = u(g/=*).

Note that, given j,k € {1[%] }, either r—j—k e {1 [%]} orj+ke {1 [%] } The same applies to k — j and j — k, one

of them is automatically included in the set {1, s [%] } Then, u(ab) = a, € {@; 1 @_;.a;_4.a,_;_; } and this means that u(ab) = @,
with uy € {j + k.k — j,j— k,r — j — k}. It is clear that either (u, j, k) € D, or (uy. k. j) € D,. Thus, due to the commutativity of T', we

have:

ulab) = a, > T(a;, ) =T (u(a), u(b)).

This shows that G3 is satisfied and that u is T-subgroup of G. []

Remark 4.12. In the previous theorem, the use of the integer part of a real number « € R avoids duplicating the proof, since it
includes the cases where the order of the group is even or odd. In this respect, note also that if the order r of the group is even and g
is a generator of the group:

r

g[f] =gi=g

10
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In the following result we obtain a characterization of the preservation of T-subgroups by aggregation using type-1 domination
for cyclic groups of order 4 or 5.

Theorem 4.13. Let G = (g) be a cyclic group with 4 or 5 elements, A an aggregation operator and T a t-norm. The following propositions
are equivalent:

(i) A preserves T-subgroups of G on products.
(i) A>T

Proof. (i) = (ii) Let us consider (x,,...,x,),(»,...,y,) € [0,1]" such that, for each i € {1, ...,n} one of these conditions is satisfied:

- max{x;,y;} =1 or
- X =Y.

We will show that inequality (1) holds.
To prove this, we will choose n T-subgroups u,,...,u, and a,b € G" so that for each i € {1,...,n}:
x; = pi(a;), y; = pi(b;) and ui(a;b;)) =T (x;,y;).
Hence, as A preserves T-subgroups of G' on products:
A(T(x1,¥1), .-, T(x,,¥,)) = Aofi(ab) > T(Aofi(a), Ao ja(b)) (6)

=T(A(xp, .. %,), Ay, 5 V),

concluding that A> T.
For this choice, we will consider two situations for each i € {1,...,n}. Whenever max{x;,y;} = 1 we will define the T-subgroups:

@ 1 ifz=e,
(z2)=
Hi min{x;,y;} ifz#e.

In addition, we will set a; # e and b; = e if min{x;,y;} € {x;,1} and a; = e y b; # e if min{x;,y;} = y; < 1. In this case x; = p;(a;), y; = u;(b;)
and y;(a;b;) = min{x;, y;} =T(x;, y;).
Conversely, if x; = y;, the T-subgroup should be defined as:
1 ifz=e,
Hi(2)=Aqx; ifze{g.g7'},
T(x;,x;) ifze(g?g?).

Proving that y; is indeed T-subgroup of G is straightforward because of Theorem 4.11.

Here, we will take a; = b; = g with the aim that p;(a;) = y;(b;)) = x; = y; and p;(a;b;) = T(x;,x;) = T(x;,y;). With this choice, the
conditions are in place for (6) to hold and therefore A>, T.

(iiy= (i) Let neN and py, ..., u, arbitrary T-subgroups of G. From Theorem 4.11 we have that:

1 ifz=e,
wi(2)=1e, ifze{gg'},
g ifze{ghg™?),

for some «;,f; € [0,1] for each i € {1,...,n}. Now, given a,b € G" we will look for (xi,...,x,),(y,...,¥,) € [0,1] such that either
max{x;,y;} =1 or x; = y;. In addition, we choose:

x; 2 pia;),  y; > pi(by) and ui(a;b;) > T(x;,y;)-

Since (x,,...,x,) and (y;,...,y,) fulfill the conditions of Definition 3.14, we have that:
Aoji(ab) > A(T(xy,yy), ..., T(x,,y))
2 T(AXy,s -5 %), A5 5 V) (7
> T(Aoj(a), Aofu(b)).
To make such a selection, let us consider three cases:
(@) If p;(a;b;) > min{y;(a;), u;(b;)} = p;(a;) we take:

x; = pi(a;b) > pi(a;) and  y; =1> p(b)).

11
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(b) If u;(a;b;) > min{p;(a;), u;(b;)} = p;(b;) the choice is:

x; =12 p(a;) and Vi = mia;b;) > p;(by).
(c) Finally, we see that if 1 > min{y;(a;), u;(b;)} > p;(a;b;) > T'(u;(a;), p; (b)) then p;(a;) = p;(b;). Suppose otherwise that y;(a;) # p;(b;).
Indeed, if this were the case then:
min{a;, f;} = min{u;(a;), u;(b;)} > p;(a;b;),
but y;(a;b;) € {;, ;} so this leads to a contradiction. Consequently, we will set the values x; = y; = u;(a;) = p;(b;).

Now we can easily check that, in any case, x; and y; satisfy the conditions that we have initially demanded. Therefore, inequality (7)
holds and A preserves T subgroups of G on products. []

Corollary 4.14. Let G = (g) be a cyclic group with 4 or 5 elements, A an aggregation operator and T a t-norm. If A>T then A preserves
T-subgroups on sets.

Remark 4.15. In Example 4.8 we showed that T does not preserve T} ,-subgroups of cyclic groups with more than 3 elements on
products. In particular, if the order of G is 4 or 5 by Theorem 4.13, Tp 3% Tp,. Remark 4.8 states that Tp > Tp, so this proves that
>, and > are different properties.

4.3. Groups with prime order greater than 5

In this section we will study the necessary and sufficient conditions for an aggregation A to preserve T-subgroups of groups with
a prime number of elements greater than or equal to 7. We will see that type-k domination is again key in this case. But first it is
necessary to state a lemma that provides some specific T-subgroups defined over cyclic groups. Moreover, it clarifies and shortens
the proof of Theorem 4.17.
r
2

Lemma 4.16. Let T be a t-norm and G = (g) a group such that |G| =r>5. Given x,y€[0,1]and v € {2, ..., [ ] — 1} with x> x(T’H) >y>

; (E1E)
x;f) > X [2] . Then, the fuzzy set:

T
1 ifz=e,
) i U Gr—u ;
x. ifze{g".g™} withl<u<uv,
uz)y=4" . . .
ifze{g" g™} withu=v,
@, if z€ {g".g" ™"} with u+1§ug[%]

where in the last case a, can be any number in the interval [T (x, y), y], is a T-subgroup.
Proof. Given a, :=u(g") forallue{1,..., [%] }, by Theorem 4.11 it is enough to check that a, > T'(a;, a;) for all:

(u,j,k) €D, ={(x,y,2) € {1,...,[%] }3 |xe{y+z,z—y,r—y—z}}.

First of all, if x=1, then a,=1forallu e {1 [%] } since:

1=x§'f)=x2y2x;[%]_l)=l.

Therefore, u(z) =1 for all z € G and u is a trivial T-subgroup.
dz]-v )
Let us assume that 1 > x > x(T“> > xTH . We also have that 1 >x>y,so a,#1 forallue {1 [%] } If o, > min{a;,a}, the
statement a, > T(a;, &) is straightforward. We will therefore check that when min{a;,a;} > , we also have a, > T(e;, a;). Note that

u§j+kwheneveru,j,ke{1,...,[%]}withue{k+j,k—j,r—k—j}:

- If u=j + k the inequality is trivially satisfied.

-Ifu=k—jthenu<k<k+j.

- Ifu=r—j—k, by hypothesis u < [5] On the one hand, for an odd r, u < "3 and u <u+1<r—u=k+ . On the other hand, if r
is even, thenusé andu<r—u=k+j.

Using Lemmas 3.12 and 3.13 we will consider three possible cases:

12
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1. If 1<u<v, then q, = x(T“). Since:

@ 5

1> min{a;, a;} >a,=x;"> x(T”_l) >y,

therefore «; = x%p and o = xfrk). Taking into account that u < j + k:
a, = ng') > x<Tj+k) = T(xfrj), xgc)) = T(aj,ak).

2. If u=v, we have that «, = y. As before, a; = x(Tj) and a; =x

(k)

;SO we have:

] j+k
a, :nyErL) = x(T") > x(T/ ) =T(a;, ap).

3. Ifv+1<u< [%] , then min{a;,a;} > a, € [y,T(x,y)]. Here again we must distinguish 3 cases:
(@) If a; <y, since o, # 1, then x > ¢ and:

a, 2T (x,y) 2T (a;, a).

(b) If o < y,_the result is analogous to point (a).
(o) If a; = x(T’) and o, = xﬁ‘). Since y > x(T”):

a, >T(x, Y) 2> x;iH—]) > Xr(]?) > x;{+k) = T(aj,ak)‘

All the previous discussion shows that a, > T(a;, @) for all (u, j, k) € D,. Applying Theorem 4.11, we get that the expression given in
(8) is a T-subgroup. []

At this stage, we can characterize the aggregation of T-subgroups when the ambient group has prime order p greater than or
equal to 7 in terms of type—(%) domination.

Theorem 4.17. Let G = (g) be a group with prime order p >7, A an aggregation operator and T a t-norm. The following assertions are
equivalent:

(i) A preserves T-subgroups of G on products.
(i) A>,5 T
2

Proof. (i) = (ii) Let us suppose that A preserves T-subgroups on products. Let us see that, fixing (x|, ...,x,), ¥, ..., y,) €[0,1]" such
that for each i € {1,...,n} one of the following conditions is fulfilled:
- max{x;,y;} =1 or
. G
- min{x;,y,} > max {x,,y,}, %,

then:

AT X Y1)y s Ty )) 2 TA G, o, X)) AV e s V))-

For this purpose we will proceed in a similar way as we did in the proof of Theorem 4.13. That is, we will choose n T-subgroups
Hi»-.. 4y, and a,b € G" such that

x; =pi(a), yi=p;(b) and p;(a;b)=T(x;,y;) forallie{l,...,n}.
We will make this choice according to the relationship between x; and y;. If max{x;,y;} = 1 we will define the T-subgroup:

@ 1 ifz=e,
(z)=
Hi min{x;,y;} ifz#e

as in the proof of Theorem 4.3. Then, we will select:

(@) a; #e and b; =e if min{x;,y;} € {x;,1},
(b) a;=e and b; #e if min{x;,y;} =y; < 1.

Otherwise, when max{x;,y;} # 1, there exists v € {2, s %3 } such that (M,-)(val) >m; > (M,~)<T”) where:
M;=max{x;y;} and m;=min{x,y}.
()
We have this situation because max {x;,y,} > min {x;,y,} > (max {x;,y,}),,> ~ and thus:

13
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m; €

NI D (g U-D
CAMER VA E N U I (CYATIRC YAVl B

In this scenario, we will consider the fuzzy set:

1 ifz=e,
(M) if ze {g% gP ") with 1 <u<u,
1i(z) = m; ifze{g" g™} withv<u< %3,

. el prl
TM;,m;) ifzeldgz2.,g2 ».

Lemma 4.16 ensures that y; is T-subgroup.
Now, we will select a; and b; as follows:

=3
(@) If M; =x;, we choose a; =g and b, =g 2,
—3

(b) If M; =y;, we choose g; =gp7 and b; = g.

p—1
In any case a;b; =g 2 and therefore:

x; = pi(a;), y; = p(b;) and pi(a;b) =T (M;,m)) =T (x;,y;).
With this values for a and b and provided that A preserves T-subgroups on products, we have that:
A(T(x1,y1), - T(xy,y,)) = Aofa(ab) > T(Aofu(a), Ao ja(b))
=T(Ax), ... %), ALy - V)
(ii) = (i) Let us suppose that A>,; T. Given
2
a=(ay,...,a,),b=(b,...,b,) €G"
and the T-subgroups y;, ..., u,, we will find (x,,...,x,),(;,...,¥,) € [0,1]" such that for each i € {1, ...,n} either max{x;, y;} =1 or

. G )
min{x;, y; } > (max{x;, y; D 2 ’. Moreover, we impose that:

x; > pi(ay), v >p(by)  and  pab) > T(x;, ).

With all this set, the inequality:

Aofi(ab) = A(T(xy,y1), -, T(x,.¥,))
>T(ARX], 3 X)) A5 s V) ©)
> T(Aofi(a), Aoju(b)),
holds and, consequently, A preserves T-subgroups on products. To choose the value of x; and y; for each i € {1,...,n} we need to
consider three different cases:

(@ If p;(a;b;) > min{u;(a;), p;(b)} = p;(a;), we choose:

x;=u;i(a;) and y; =12 p;(b).

(b) If p;(a;b;) > min{ p;(ay), u;(b;)} = u;(b;), the selected values are:

x;=12pu(a;) and y; = p;(b)).

() If min{p(a;), p;(b;)} > p;(a;b;) > T(u;(a;), u; (b)), then we choose:
x;=pi(a;) and y; = p;(by).

In all of these cases it follows immediately that y;(a;b;) > T(x;, y;). In addition, for the cases (a) and (b) it is clear that max{x;,y;} = 1.
5

) holds when

Special attention should be paid to situation (c) as we will prove that the inequality min{x;,y;} > (max{x;, YiDy

x; = p;(a;) and y; = p;(b;).

For this purpose, we will take into account the structure of the T-subgroups of this kind of groups. Since G = (g) is a prime
order cyclic group, we can state that G = (g*) for all s € {1,...,p— 1}. Furthermore, due to Corollary 4.10 only two situations are
possible for each i € {1, ..., n}. Either y,(g*)=1for all s {1,...,p} or y;(g*) #1 for all s€ {1,...,p—1}. Note that if y;(g*) =1 for all

14
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s€{l,...,p}, then y;(a;b;) > min{y;(a;), u;(b;)} = T(p;(a;), u;(b;)) and hence we will be in the cases (a) or (b). We focus our attention
on yu;(g*)# 1 for all s € {1,...,p—1}. Here, there exists g; € G \ {e} with 1> u;(g;) = max{y;(g*) | s € {1,...,p—1}}. Moreover, as
a;,b; € G =(g;), it is clear that there is 5; € {1, ..., p— 1} so that min{y;(a;), u;(b;)} = yi(gf’). We show for each possible value of s; that:

s & ()
min{ﬂ;(a,‘)7ﬂf(b;)}=ll[(g,-')2ﬂi(g;)7~2 Zmax{ﬂ,(a,),ﬂ,(b,-)}Tz 5 10)

where the last inequality is derived from the definition of g;. The first inequality comes from the following discussion:

-3
—3 X y (22)
- If1<s; < 2=, then (&) 2 )y 2 gy -

s, s, )
S 22 <5, <p— 1, then p(g)) = mi(el ) 2 w2 (g,
- If s, € (&=, 221} since the case where yi(gf') =min{ u;(a;), u;(b;)} > p;(a;b;) is already settled, the only possibility is that a;b, = gf"

22
p=l ptl

for some /; ¢ { — =5 Using the same reasoning as in the two previous cases we can deduce that:

-3

si 5
1&g > piaib) > (g,

Hence, the expression (10) holds and x; and y; have been appropriately selected in order to ensure (9). This means that A preserves
T-subgroups of G on products. []

A consequence of the previous result and Proposition 3.2 is that, if A type—(?) dominates T, then A preserves T-subgroups on
sets.

Corollary 4.18. Given a group G with a prime number of elements p, A an aggregation operator and T a t-norm. If A>, s T then A
2
preserves T-subgroups of G on sets.

Whenever G ¢ C, Theorem 3.6 shows that domination is a necessary and sufficient condition for an aggregation operator to
preserve T-subgroups on products. However, in the present situation the domination requirement must be weakened and replaced
by type-k domination. Recall that for the minimum t-norm, domination and type-k domination are equivalent (see point 3 of Re-
mark 3.15). The next example shows that this is not always the case.

Example 4.19. Let us consider the t-norm:

TG if (x, ) €10, 1[2\[0.5, 1]2,
X,y)=
Y min{x,y} otherwise

and the aggregation operator A by means of the n-ary operators:

{1 if x, €[0.5,1],
A(xy,...x,) =

x, otherwise

with n >2. Now we will prove that A » T although A >, T for all k €N. In the first place, let us show that the dominance relation
is not satisfied. It is enough to take x; = y; =0.25 for all i € {2, ...,n}, x; =0.75 and y, =0.25:

AT (X1 y)s - T (X0 3,)) = A, ....,0) =0 < 0.25 =T(1,0.25)

=T(A(xq,....%,), AV, -5 V)

Now, we will show that A >, T for each k > 0. Let us check that inequality (1) holds for all (x,,...,x,),(»;,...,y,) €[0,1]" such
that for each i € {1, ...,n} one of the following conditions is satisfied:

- max{x;,y;} =1.
- min {x;,y,} > (max{xi’yi});{c)'

We will study the different values of x; and y,. First let us consider that max{x,,y,} = 1. Without loss of generality, if we suppose
that y, =1:

AT (x1,31), T(xp,¥3) -, T (X, ¥,)) = Ax 1, T (X0, ¥3) -, T(x,, ) = A(Xy, X9, -0 X,,)
=T(Axy, X9, .05 x,), D) =T (AKX, X0 05X, AV V2o oev s Vi)

These equivalences are deduced from the definition of T and A. The reasoning is analogous if x; = 1. Hence, let us suppose that
1 > max{x;,y,} > min{x;,y;} > (max {x,,y] })g‘). Note that, for this t-norm:
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® {x if x €[0.5.1],
X, =

T 0 otherwise.
Thus, the only two possibilities are:
1. x; =y, =max{x;,y,} =min{x,y,;} >0.5. Here:

A(T(x1,31), T(x2,¥2) s T(xp, ) = Ax1, T(X,¥3), -, T(x,, ) = 1=T(1, 1)
=T(AX, X, 5 X,), AV1 Vo oev s Vn))-
2. 0.5> max{x,y;} > min{x,,y,}. Then:
AT (x1, 310, T(x25¥2) -+, T(x,, ) = A0, T(x2, 3) .., T(x,,, ,)) = 0=T(xy, y)

=T(AKX], X9, 005X, AV Yoo eee s Vi)

Therefore, A>, T and A % T so we can claim that type-k domination and domination are indeed two different properties in general.

4.4. Cyclic groups with order p™ > 4, being p a prime and m an integer greater than or equal to 2

In this section, we will show that we need full domination when we consider groups in C with non-prime order greater than 4.

Theorem 4.20. Let G = (g) be a group with order p™ > 4 being p a prime and m € N greater than or equal to 2. Let A be an aggregation
operator and T a t-norm. The following are equivalent:

(i) A preserves T-subgroups of G on products.
(i) A>T.

Proof. (ii) = (i) is straightforward from Theorem 3.5.

(i) = (ii) Let (x, ..., x,),(¥1.....¥,) € [0, 1]" be arbitrary points. Since G is a cyclic group with order p”, we know that g? € (g) has
order p”~!. Additionally, as m > 2, {e} € (g”) € G. From now on, we will divide the process in two steps. First we will show that the
fuzzy sets u,, ..., u, defined as follows:

1 ifz=e,
max{x;,y;} ifze(g’)\ {e},
m=q ¢ >}1 11)
min{x;,y;} ifze{g g},
T(x;,y;) otherwise
are T-subgroups for each i € {1,...,n}. We will then use these T-subgroups to prove that A dominates 7.

First, it is necessary to check that given i € {1,...,n}, y; is well defined. That is (g”) n {g,g~'} = #. But whether we assume that
g €(gP) as if we assume g~! € (g”), we will reach the contradiction (g) C (g”) ¢ (g). So these T-subgroups are well defined.

We can now check that y; satisfies T-subgroup properties. G1 y G2 are trivially fulfilled. We shall then work on G3. Given
21,2, € G, such property is guaranteed if u;(z;z,) > min{u;(z;), #;(z,)}. Let us study the case in which min{u;(z)), u;(z5)} > p;(z12,).
This strict inequality together with the construction of y; ensures that u;(z;), #;(z,) € {1,x;,y;} and u;(z,z,) € {x;,y;,T(x;,y;)}. Hence,
the only possible situations are the following:

(a) If z, = e or z, =, the inequality in G3 trivially holds.
(b) If z; & (gP), then y;(z;) =min{x;, y;}. Consequently, u;(z,2z,) =T(x;,y;) and:

T (;(21), 1i(22)) € {T (x;, 3;), T (min{x;, y; }, min{x;, y; })}.
In all cases, u;(z,2,) > T(u;(z)), 4;(z5)). In the case of z, ¢ (g”), the reasoning is analogous.
(©) If z;,z, €(g”) \ {e}, then z,z, € (g) and y;(z|) = u;(z,) = max{x;,y;}. Moreover u,(z,z,) € {1,max{x;,y;}}. Hence, in all the
possible situations u;(z;z,) > T(y;(z}), p;(2z5)).

With the previous discussion, we have shown that the fuzzy sets y,, ..., u, are T-subgroups. In the following, it will be also useful
to note that gg? & (g”) U {g.g~'}:

- If gg? € (g?) then there exists s € Z so that gg? = (g”)*. Therefore, g = (g”)’~! € (g?) which is a contradiction.

- If gg? = g, then g? = e and this can not happen when o(g?) = p”~! with m > 2.

- If gg? = g~', then g”*? = ¢ and o(g) divides p + 2. However, if we have p” > 4, it is easy to show that p” > p + 2, getting again to
a contradiction.
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Hence, we can claim that the fuzzy sets y,...,u, given by the expression (11) are indeed T-subgroups and that gg” ¢ (g”) U
{g,&7'}. To finish the proof, let us select a=(ay, ...,a,),b=(b,,...,b,) € G" such that for each i € {1,...,n}:

- If max{x;,y;} = x;, then a; = g? and b, = g.
- If max{x;,y;} =y;, then q; =g and b, = g”.

Thus, y;(a;) = x; and u;(b;) = y;. Furthermore, as gg? & (g”) U {g,g~'}, it follows that y;(gg?) = T(x;, ;). Therefore:

AT (x1,y1)s .-, T(x,,¥,)) = Aofi(ab) = T (Ao ji(a), Aoju(b))
T(AGs .o, X)) Ay oo V),

which concludes the proof. []
4.5. Infinite groups

Finally we must analyze the situation where T-subgroups are defined over infinite groups included in C. As mentioned at the
beginning of the paper, the only groups with these characteristics are the Priifer p-groups Z(p*®) with p a prime number. These groups
have the characteristic feature that all their elements have finite order p” for some m € N. In this infinite groups, in order to ensure
the preservation of T-subgroups it is again necessary to demand the domination of A over T as we may have expected given the
results in the preceding sections.

Theorem 4.21. Let Z(p™) be a Priifer p-group for some prime number p, A an aggregation operator and T a t-norm. The following statements
are equivalent:

(i) A preserves T-subgroups of Z(p™) on products.
(i) A>T.

Proof. (ii) = (i) It is a direct consequence of Theorem 3.5.

(i) = (ii) As we are working with a Priifer p-group that contains copies of Z o for each m € N, we can find an element g € Z(p™®)
such that o(g) = p>. Once we select this element, with a completely analogous reasoning to that of Theorem 4.20, we obtain the
result. []

Remark 4.22. Whenever G is a group with 5 or more elements and has a non-trivial proper subgroup, the preservation of T-
subgroups of G on products is equivalent to domination. In other words, the only groups for which the preservation of T-subgroups
is not always equivalent to domination are those cyclic groups with prime order or those with a cardinality of 4.

5. Conclusions and future work

In this work we have characterized the preservation of T-subgroups on products when the lattice of subgroups of the ambient
group is a chain. When this group is the cyclic group of order 4 or a prime order group we have proven that a new property is
required in order to characterize preservation of T-subgroups under aggregation. This new property that we have named type-k
domination is less restrictive than domination and hence, there will be more aggregation operators preserving T-subgroups in the
cases where type-k domination is needed.

Additionally, we have obtained some results that provide valuable information about the structure of T-subgroups when defined
over a cyclic group.

Finally, we have obtained some consequences about the preservation of T-subgroups on sets. We are currently conducting a
thorough study of aggregation of T-subgroups on sets, which we hope to present soon.
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