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Abstract: Cardiovascular diseases have become the leading cause of death in developed
countries. Among these, some are related to disruptions in the electrical synchronization of
cardiac tissue leading to arrhythmias such as atrial flutter, ventricular tachycardia, or ven-
tricular fibrillation. Their origin is diverse and involves several spatial and temporal scales,
ranging from nanoscale ion channel dysfunctions to tissue-level fibrosis and ischemia.
Mathematical models play a crucial role in elucidating the mechanisms underlying cardiac
arrhythmias by simulating the electrical and physiological properties of cardiac tissue
across different spatial scales. These models investigate the effects of genetic mutations,
pathological conditions, and anti-arrhythmic interventions on heart dynamics. Despite
their varying levels of complexity, they have proven to be important in understanding
the triggers of arrhythmia, optimizing defibrillation protocols, and exploring the nonlin-
ear dynamics of cardiac electrophysiology. In this work, we present diverse modeling
approaches to the electrophysiology of cardiac cells and share examples from our own
research where these approaches have significantly contributed to understanding cardiac
arrhythmias. Although computational modeling of the electrical properties of cardiac
tissue faces challenges in integrating data across multiple spatial and temporal scales, it re-
mains an indispensable tool for advancing knowledge in cardiac biophysics and improving
therapeutic strategies.

Keywords: cardiac modelling; electrophysiology; action potential; cardiac arrhythmia;
biophysics; nonlinear waves; stochastic models

1. Introduction
Worldwide, most causes of death have undergone a continuous reduction. The im-

provement in medical treatments and care has been the main reason for the decrease in
mortality in developed countries, where there is a broad shift from infectious, maternal,
and neonatal causes toward non-infectious diseases [1]. The improvement in medicine is
multifactorial, and some key factors are associated with vaccines, antibiotics, or neonatal
care, which have significantly reduced the death toll related to epidemics and infectious dis-
eases [2]. All such measures have been effective tools to control very diverse diseases. This
has left cardiovascular diseases as the leading cause of death in developed countries [2–4].

Cardiovascular diseases are associated with the malfunction of the heart, which can
rapidly impede blood supply. The heart functions as a mechanical pump, with the atria first
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pumping blood into the ventricles, which then pump blood out of the heart. This mechanical
activity is precisely regulated by an electrical signal known as the action potential, which
travels from cell to cell and synchronizes the contraction of heart tissue [5]. Disruption in
the synchronization of these electrical impulses, which control blood pumping, can lead
to various arrhythmia, including atrial flutter, atrial fibrillation, ventricular fibrillation,
and ventricular tachycardia [6].

The reasons for the desynchronization of the heart’s contraction are multiple and can
appear at very different spatial scales. The origin can be at the nanoscale due to the genetic
modification of a particular ion channel, resulting in an alteration of the dynamics of the
electrical signal. It can also be at the microscale due to a dysregulation in the dynamics
of intracellular calcium, which is a second messenger that regulates cell contraction. Or it
can be, for instance, related to the microscopic accumulation of fibrotic tissue, or to insta-
bilities in wave propagation through the tissue, which are phenomena that occur at the
centimeter scale.

Clinical findings have suggested that often the trigger for such arrhythmia is a localized
excitation, which can lead to premature ventricular complexes, or ectopic beats, that are
co-located within the infarct and ischemic regions of the heart [7,8] and can appear due to
the interaction of anomalous calcium cycling and sodium currents [9–11].

Mathematical models can help to understand and characterize the processes that lead
to the desynchronization of cardiac tissue. The intensive computational analysis of such
models has become a relevant tool to study cardiac arrhythmia. For example, mathematical
modeling has shown that fibrotic tissue can lead to the appearance of ectopic beats [12,13],
that ischemia favors the development of lethal cardiac arrhythmia [14], and that malfunc-
tions in calcium cycling can trigger action potentials at the single-cell levels, both as early
afterdepolarizations (EADs) and as delayed afterdepolarizations (DADs) [15,16]. Calcium
plays also a key role in persistent atrial fibrillation [17–19].

Mathematical models of cardiac tissue describe the electrophysiological properties of
cardiac cells and, in particular, the dynamics of the action potential [20]. There are very
different levels of complexity in the description depending on the electrophysiological
model [21]. While some models consider all types of currents present in cardiac cells, others,
simpler, account only for the main features of the action potential. Despite the diversity in
complexity, all models have to be numerically integrated and, thus, computational model-
ing of the heart function becomes an essential tool to understand the properties of cardiac
tissue. The versatility of the models describing cardiac tissue and the similarities among
the resulting dynamics have attracted, among others, the attention of biophysicists [22,23]
because of the nonlinear aspects [24] of the heart dynamics.

There are mathematical models of cardiac activity at very different scales because,
while some of them cover the detailed dynamics of particular ion channels, other mod-
els describe the details of the anisotropy of the fibers and the particular morphology
of the ventricles and atria. While single-cell models employ data from voltage clamp
experiments [25,26], computational cardiac models of the heart combine current electro-
physiological models with images of the heart’s electrical conduction obtained by different
techniques [27]. Genetic variants and mutations can produce cardiopathies that affect
the whole organ, demanding a multiscale approach [28,29]. Such different spatial and
temporal scales are difficult to combine into a single model, and this quest represents still
a huge challenge nowadays [30]. Therefore, the usual strategy is to use different types of
models for the different spatial scales under consideration. There have been several efforts
to unify different scales into large complex multiscale models [31,32] using multiphysics
approaches [33,34].
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The elementary unit of cardiac tissue is the cardiac cell. Cardiac cells, or myocytes,
have a length of 80–100 µm and a diameter of 10–20 µm. Each of these cells is separated
from the neighboring extracellular space by a phospholipid bilayer membrane. From an
electrical standpoint, the cell membrane can be considered as a capacitor that stores electric
charge. Then, the total electrical current through the cell membrane has to be equal to the
change in the charge of the membrane:

Cm
dV
dt

= −Iion, (1)

where V = Vi − Ve is the electrical membrane potential, and Cm is the capacitance of the
membrane which has a typical value of ∼ 1 µF/cm2. The total ion current Iion is the sum of
that flowing through several specific ion channels and pumps (see Figure 1):

Iion = INa + ICa + IK + INACA + · · · , (2)

where different ion currents control the dynamics of the membrane potential [35]. By
convention, the electric current is deemed positive when it is directed outward of the cell.

Figure 1. Equivalent electric circuit model for the cellular membrane. The difference in the trans-
membrane potential between the extracellular and the intracellular spaces is determined by the ion
current through the ion channels, the Nernst potential associated with each ion, and the capacitance
of the membrane.

Figure 2 depicts the time evolution of the action potential, illustrating its various
phases. Phase 0 is characterized by a sharp increase in membrane potential during depolar-
ization. This is caused by the rapid influx of sodium ions, and due to the increase of the
permeability of the sodium ion channels, the potential tends to the sodium Nernst potential
(Vr ≈ ENa = +50 mV). In Phase 1, there is a swift decrease in membrane potential due
to the inactivation of sodium channels and the appearance of a fast outward potassium
current. This potassium outward current is balanced by inward calcium (Ca2+) currents,
creating the plateau characteristic of Phase 2 due to the large Nernst potential of Ca2+,
ECa = +134 mV. In Phase 3, calcium currents cease, and the membrane potential gradually
returns to its resting state due to a slow outward potassium current. At rest, known as Phase
4, inwardly rectifying potassium channels are active and allow a small steady efflux of K+

ions. Simultaneously, the Na+/K+ pump and the sodium-calcium exchanger transport
Na+, Ca2+, and K+ ions. The three fluxes maintain constant the negative resting potential
and return the system back to homeostatic balance. The cell is then said to have repolarized,
and it maintains its out of equilibrium steady state.
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Figure 2. Sketch of a typical action potential in a ventricular myocyte. Phases and ion currents
responsible for the action potential: sharp increase due to sodium influx (0), rapid decrease
due to potassium outflux (1), balance currents and plateau phase (2), end of calcium influx (3)
and return to the resting potential (4) where the pumps and the exchangers keep the resting
potential fix.

The action potential produces myocyte contraction because it triggers a transient
increase of intracellular Ca2+ concentration [Ca]i. The increase in [Ca]i enables the cellular
contraction machinery to work via crossbridge cycling tropomyosin that slides over actin
filaments and shortens the myocyte length. This induces a longitudinal mechanical stress
in the myocyte.

Myocytes are interconnected and organized into cardiac fibers. Electrical coupling is fa-
cilitated by gap junctions, which are primarily located at the longitudinal ends of myocytes.
Along the fibers, the propagation of the action potential is faster. This enables the action
potential to propagate through the tissue, producing an excitation wave with a propagation
speed that varies depending on the type of cardiac tissue. To model the propagation of the
action potential, the cable equation in one dimension is typically used [36,37]:

∂V
∂t

= − 1
Cm

Iion + D
∂2V
∂x2 , (3)

where the diffusion parameter D ∼ 0.001 cm2ms−1 is related to the cardiac tissue conductiv-
ity (σ ∼ [2–6] mS/cm) and the surface area to volume ratio of the myocyte (ψ ∼ 0.2 µm−1)
as D = σ/(Cmψ) [38]. Equation (3) can represent a good summary of this review. The
current Iion depends on the different ion channels present in the cell and the complex intra-
cellular organization, whose details are discussed, respectively, in Section 2 (see Figure 3A)
and Section 3 (see Figure 3B). The temporal variation of the local action potential is de-
scribed by the single-cell models discussed in Section 4 (see Figure 3C). The conductivity
σ or diffusion D parameters highly depend on the connection between two cells, and
it is determined by the gap junctions studied in Section 5 (see Figure 3D). And, finally,
the spatial variation of the potential is determined by the tissue model employed, which is
described in Section 6 (see Figure 3E) and corresponds to the extension to two and three
dimensions of Equation (3).
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Figure 3. Sketch of the different spatial scales discussed along this work. (A) Ion channels dynamics,
(B) intracellular organization, (C) whole cell models for the action potential and the average ion
channel dynamics, (D) properties of the gap junction connecting neighboring cardiac cells, and (E) cell
organization along the cardiac tissue.

2. Description of Ion Channels
Ion channels are proteins that allow the transport of ions across the cell membrane.

They can be in an open, closed, or inactivated state with a probability of transition that
may depend on voltage, ligand concentration, or stretch. The conductivity of the channel
depends on the fraction of open channels. Thus, the current through N channels of a given
type can be written as I(V, t) = NPO(V, t)i(V) with PO(V, t) representing the fraction of
open channels and i(V) the current through a single open channel. This description is valid
as long as the gating is not too fast or the potential difference across the membrane is not
too large [39].

For a simple channel with open and closed states (see Figure 4A), the fraction of open
channels follows the equation

dPo

dt
=

P∞
o − Po

τ
, (4)

with P∞
o = k+/(k+ − k−) corresponding to the steady-state fraction and the time constant

τ = 1/(k+ + k−). In equilibrium, k−/k+ = e−∆G/RT with ∆G representing the free energy
change between the two configurations of the channel. Considering that ∆G depends
linearly on the transmembrane potential V, then

P∞
o =

1
1 + eα(V−V1/2)

. (5)

The fraction of open channels, Po, changes over time, and the kinetics can be assimilated to
the effects of a gate that either opens or closes with an increase in transmembrane potential
V. This is the standard Hodgkin–Huxley formulation of gates [40]. Often, channels are
described with a more complex set of states whose dynamics, in some cases, but not always,
can be transformed into a formulation in terms of gates of the form described above [41]. A
formulation in terms of states is also useful when considering stochastic dynamics for the
opening and closing of the channels, since the rates can be transformed into probabilities of
transition in a given time, resulting in a Markov chain. The stochastic dynamics can then
be solved by several methods [42–44], including Monte Carlo simulations, or the Gillespie
method [45]. A more detailed description of the dynamics of the ion channel gating and/or
the ions going through it can be obtained using a Langevin formulation of the motion of
the ions [46,47] or models of Brownian (BD) or Molecular Dynamics (MD) [48]. However,
although these simulations can provide very important information on phenomena at the
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single-channel scale, they are too computationally expensive for incorporation into a full
model of the cell.

2.1. Sodium Channels

Sodium channels form a large family of voltage-gated channels composed of alpha
and beta subunits. The alpha subunits constitute the core of the channel, including the
membrane-spanning pore that allows the transport of sodium ions, and they are responsible
for the gating and ion selection functions of the channel. The beta are accessory subunits
that modulate the function of the channel. The main alpha subunit present in cardiac cells
is Nav1.5, which is encoded in the gene SCN5A.

The usual characterization of the sodium current, following the work by Hodgkin and
Huxley [40], considers three gates: fast activation and inactivation gates, m and h, and a
slow inactivation gate, j, that was introduced in later models [49,50]. The current is

INa = g̃Nam3hj(V − ENa). (6)

More detailed Markov formulations for this channel have been developed [51] (see Figure 4B)
and applied to the study of several dysfunctions [52], as will be discussed in Section 4.1.1.

Figure 4. Different types of Markov models of ion channels. (A) Two-state ion channel. (B) Markov
model of the Na+ channel with different conformations, from [51]. (C) Markov model of the L-type
calcium channel (LCC) with different configurations and with the pathways of calcium-dependent
inhibition (CDI) in red and voltage-dependent inhibition (VDI) in black from [53].

2.2. Potassium Channels

Potassium channels constitute an extensive family of channels that are present in
virtually all organisms. They conduct K+ ions down the electrochemical gradient and set
the resting potential of the cell. Among the voltage-activated potassium channels, there are
those responsible for the transient outward (fast and slow) potassium currents, Ito, f ast and
Ito,slow, which are responsible for the characteristic notch in Phase 1 of the action potential,
especially visible in ventricular cells. Other potassium currents are the slowly and rapidly
activating delayed rectifier currents, IKs and IKr , responsible for the repolarization of the
cell, or the inwardly rectifying potassium channels, responsible for the current IK1 , that
passes current more easily into the cell (in the inward direction) than out of the cell. There
are also calcium-activated potassium channels. In the heart, the most common are the
small conductance calcium-activated potassium channels (SK), which are responsible for
the current ISK. They are more prominent in the atria, and there is discussion on their
pro-arrhythmic or anti-arrhythmic role [54].
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2.3. Calcium Channels

There are several channels responsible for the flux of Ca2+ into the cell. The most
prevalent calcium channel in cardiac myocytes is Cav1.2, which is a voltage-gated L-type
calcium channel (LCC). They are responsible for the L-type Ca2+ current that introduces
Ca2+ into the cell, triggering contraction and preventing rapid repolarization (especially in
ventricular cells), giving rise to the dome of the action potential. A standard formulation of
the current is

ICaL = gCaLd f fCa(V − VCa), (7)

where d and f are voltage activating and inactivating gates, respectively, and fCa is a
Ca2+-dependent gate that accounts for the inactivation of the current with Ca2+. More
complex Markov models of the channel have been formulated [53,55] (see Figure 4C) that
cannot be reduced to a gate formulation. Even so, Markov models can be used to produce
the same results as those obtained in models that use typical Hodgkin and Huxley gate
dynamics [56]. Markov models of the LCC are also better suited to study subcellular
phenomena, as will be explained in the next section.

2.4. Pumps and Exchangers

After the cell has repolarized, some pumps and exchangers return the ion concentra-
tions to their original values. Among these, one can count the sodium-potassium pump
current INaK, the sarcolemmal Ca2+ pump current IpCa, or the sodium-calcium exchanger
NCX, which is a membrane protein that removes calcium from cells. NCX uses the energy
stored in the electrochemical gradient of Na+ by allowing Na+ to flow down its gradient
across the plasma membrane in exchange for the counter-transport of Ca2+. A single
calcium ion is exported for the import of three sodium ions, although the sense of ion
flow can revert depending on transmembrane potential. The first formulation of NCX was
proposed by Mullins [57], and it has been adapted and improved thereafter. More complex
Markov models of the NCX [58] have also been derived.

3. Models of Intracellular Ca2+ Dynamics
From changes in membrane potential, triggered initially by sodium, as explained

in the previous section, intracellular calcium signaling takes over as the key element to
understand contraction in the heart [59,60]. The depolarization of the membrane potential
opens up the L-type calcium channels (LCC), which let Ca2+ into the cell, triggering the
release of more Ca2+ from the sarcoplasmic reticulum (SR), see Figure 5, in a process known
as calcium-induced-calcium release (CICR) [61,62]. During diastole, the free cytosolic Ca2+

concentration stays around 100 nM, while the free SR Ca2+ content is around 1 mM.
The opening of the LCC triggers a large release of Ca2+ from the SR. Ca2+ in the cytosol
rises to 600–1000 nM and, in the process, binds to troponin C, which then neutralizes the
effect of troponin I in the actin–myosin coupling [61]. This allows for the generation of
active forces in the cell and, consequently, the muscle [63]. Then, Ca2+ is reuptaken by
SERCA, and a small fraction is eliminated by NCX. In homeostatic balance, the inward
calcium flux that enters via LCC channels is compensated by the extrusion via the NCX [64].
Equally important is the calcium balance due to the SERCA pump [65] which, using energy,
pumps the calcium released by the cardiac ryanodine receptors (RyR2) back from the
cytosol into the SR against the calcium gradient.
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Figure 5. (A) Schematics of the micron subdivision of the cell in calcium release units (CaRUs). Each
CaRU is associated with a RyR2 cluster. (B) Schematics of the different fluxes and concentrations
taken into consideration in each CaRU; dyadic, subsarcolemma, cytosolic, network SR, and junctional
SR. (C) The distribution of these CaRU in the tubulated structure of ventricles is drawn on the
lower right. In a non-tubulated atrial cell, CaRU in the interior of the cell might not have LCC nor
NCX available.

The release of calcium from the SR is regulated by clusters of Ryanodine Receptors
(RyR2); see Figure 5. Organized in nanodomains placed in the membrane of the SR with a
broad distribution of cluster sizes [66–69], each RyR2 has open, close and inactivated states
whose transitions are tightly regulated mainly via Calsequestrin (CASQ2) and Calmodulin
(CaM) [70–72]. The RyR2 clusters are located next to the LCC with a small dyadic volume
in between [73–76]. The LCC channels are present in the invaginations of the membrane
known as t-tubules, present in ventricular and, with lower density, in atrial cells [77,78].
The interaction between RyR2 nanodomains and their relation with LCC is the core of the
function and possible dysfunction of intracellular Ca2+ signaling [61].

The fundamental unit of Ca2+ release is the Ca2+ spark, which is a small Ca2+ release
from the SR into the cytosol via the RyR2. Under external stimulation, spark recruitment
leads to a global Ca2+ transient. However, given the low number of RyR2 that are present
in the nanodomain structures, RyR2 clusters can also open stochastically. These small
sparks can lead to the opening of neighboring units generating larger sparks or localized
releases and even Ca2+ waves. Calcium sparks can be behind a Ca2+ leak from the SR,
which eventually depletes the calcium cell. Other local mechanisms can increase total
calcium levels, such as stochastic openings of the LCC, or gains in CICR [79]. All these
phenomena require a detailed subcellular description of intracellular Ca2+. For that, two
main approaches have been taken [15]. In one, a discretization of the order of 1 µm is
considered, which corresponds roughly to the distance between z-planes in the sarcomere.
Then, each discretized volume, or calcium release unit (CaRU), is divided into compart-
ments. In another approach, the discretization is of the order of 50–100 nm. In this case,
the relevance of Ca2+ compartments is not so evident, and some models just consider the
dynamics of intracellular and SR Ca2+.
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3.1. Models at the Submicron Scale

We begin with the group of models that describe the cell at the 50 or 100 nm
scale [80–83]. At this scale, each discretization volume, or voxel, can be divided into the
fraction occupied by the cytosol and the one occupied by the SR. Proteins involved in Ca2+

regulation (RyR2, SERCA, NCX, LCC) are then included in these voxels. Different structural
approaches are possible regarding the fraction of volume occupied by the SR. A uniform
approach, where SR is present in every voxel, is a highly plausible assumption given the
complex internal structure and shape of the SR in cells. However, other approaches might
leave some empty space where the mitochondria or sarcomere space, or other organelles,
would be included.

The structure of such models is related to the location of the L-type calcium channels,
the RyR2 clusters, and the NCX exchanger. These nanometer structures are distributed
in the cell with a very specific pattern. LCC and the NCX exchanger are present in the t-
tubules that are roughly 1.5–2 microns apart, forming the z-planes of the cell [68]. Therefore,
most voxels are empty of NCX, LCC or RyR2, and only a subset of voxels include these
proteins. The Z-plane, where LCC groups of 4–10 channels are included in a single voxel,
can be roughly 200 nm wide, but they can penetrate all the way to the interior of the cell.
In the Z-plane, LCC can be between 100 and 600 micron apart in a typical structure.

L-type calcium channels are co-located with RyR clusters. While the number of LCC
in one voxel is around 5, the typical number of RyR in a cluster can be anywhere between
10 and 100 with a wide distribution (median typically around 40). This selection of voxel
together with the possible distribution of the number of channels in each cluster provides
the basic structure of the cell. A full picture of the cell must also include some RyR2 clusters
which are not in the Z-planes and are not associated with LCC. There is a small fraction of
RyR2 located close to the sarcomere, away from the Z-planes and the invagination of the
membrane, without association with the LCC.

The basic structure of these models is a cycling dynamics with two compartments:

dci
dt

= JLCC + Jrel − JSERCA − JNCX − JBu f f ers + Di∇ci, (8)

dcSR
dt

=
vi

vSR
(JSERCA − Jrel)− JBu f f ers + DSR∇cSR, (9)

where ci and cSR are the free cytosolic and SR calcium concentrations, respectively. The
evolution of cytosolic calcium is determined by the SERCA pump and buffers in the cytosol,
like CaM, SR binding sites, and troponin C (TnC), among others. Buffering dynamics has
the following structure

dcBUFF
b
dt

= JBu f f = konci(Bb − cBUFF
b )− ko f f cBUFF

b , (10)

but different quantities of buffers Bb are introduced in different models.
NCX formulations are standard once the exchanger is considered to work at a steady

state [84]. More differences appear regarding the voltage and calcium dependence of the
entrance of calcium via L-type calcium channels JLCC and the type of regulation associated
with the opening of the RyR2. In all cases, a fully detailed model must be stochastic given
that the number of channels in each voxel is low.

3.2. Models at the Micron Scale

Other models take the Calcium Release Units (CaRUs) as the fundamental subcellular
spatial description [65,85–88]; see Figure 5. When the details of small sparks and large
sparks are not relevant, but a proper description of coordinated and uncoordinated behavior
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is the goal (normal beating, appearance of waves, alternans or EADs and DADs), this
description is often more efficient.

Rectangular in nature, each voxel encompasses the distance between Z planes and
then an average distance between RyR2 clusters within the Z plane (X-Y). This distance
depends on the animal species. It can be anywhere between 300 up to 800 nm. In each
voxel, five different compartments can be defined with the corresponding local calcium
concentrations (see Figure 5). First, there is the dyadic volume close to the RyR2 cluster,
which is considered to be unique in each CaRU, with its local concentration cd. L-type
calcium channels are also located in this compartment and release calcium into it. Then,
there is the volume close to the t-tubules, with a differentiated type of buffers and presence
of the NCX, called subsarcolemma, with Ca2+ concentration cs. From the subsarcolemma,
Ca2+ diffuses to the cytosolic volume associated with the CaRU, where most of the buffers
are located, together with the SERCA pump. The corresponding Ca2+ concentration is
cc. The two missing compartments are the sarcoplasmic volume, with concentration cSR,
into which SERCA pumps Ca2+, and the local junctional SR, which represents the region
in the SR close to each one of the RyR clusters with cjSR. The basic calcium cycling in each
CaRU is the following

dcd
dt

= Jrel + JLCC − Jdi f f
ds , (11)

dcs

dt
= νds Jdi f f

ds − JNCX − Jdi f f
sc + Dloc∇cs, (12)

dcc

dt
= νcs Jdi f f

sc − JSERCA − Jc
Bu f f ers + Dic∇cc, (13)

dcSR
dt

= νcSR JSERCA − Jdi f
SR−jSR + DSR∇cSR, (14)

dcjSR

dt
= JSERCA + Jdi f

SR−jSR + νjsrd Jrel − JSR
Bu f f ers, (15)

where we have included diffusion between compartments Jdi f f
ds , Jdi f f

sc , and Jdi f
SR−jSR as well

as diffusion between the cytosol and the SR of neighboring units and the corresponding vol-
ume factors νds, νcSR, νcs and νjsrd. We include also here diffusion between subsarcolemma
spaces. This diffusion is, in theory, possible between neighboring CaRUs within the X-Y
plane, but it is not at all clear that it exists in the longitudinal direction across Z-planes.
Including this diffusion across planes is more often than not a trick that allows calcium
waves across the cell more robustly, as there are no connections between all Z-planes in
all CaRUs. The tubular structure in this case is key. There are certainly some longitudinal
tubules across the cell. Diffusion across subsarcolemma should be associated with the
presence of longitudinal t-tubules.

A key element of these models is the RyR2 behavior fixed by JRel , which in most
models reads

JRel = gr · ORyR(cSR − ci), (16)

where the flux through the RyR2s is just proportional to the difference between calcium
concentration in the cytosol and the SR provided the receptor is open. The number of states
of the RyR2 and the transition rates between them is a core part of any subcellular model.
RyR2 opens due to increases in cytosolic Ca2+ necessarily in a stochastic manner given
the low number of receptors in each RyR2 cluster. Although the number of internal states
of a RyR2 can be high, effective models with just four or three states are normally used:
inactivated, close and open.
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The binding sites of Ca2+ on the side of the RyR2 that faces the cytosol are universal
in all models, although the cooperativity of these binding sites is not standard. Another
common feature is the regulation of the opening rate by luminal calcium. The cooperativity
of this binding and levels in the reduction of the opening rates vary. Finally, a new
regulation by CaM has been pretty well established in animal models in recent years.
Experiments in mice [71] have indicated that the RyR2 is indeed strongly affected by the
presence of CaM. When cytosolic calcium increases and binds to calmodulin, this complex
inactivates the RyR2.

3.3. Scaling-Up Subcellular Models

Subcellular models have been systematically used for most purposes, since they are
computationally treatable to study full cells during thousands of beats. This way, they can
reach steady-state conditions in sodium and potassium concentrations, which is needed
to study the behavior of the cell. These models cannot, however, be used to develop full
models of the heart. Even simulations of cell tissue present difficult computational costs.
A typical tissue simulation of 100 × 100 × 10 cells, each discretized in ∼104–105 CaRUs, is
non-feasible except at a supercomputer. A full heart model using a distributed Ca2+ model
of each cell is out of the scope computationally.

For full tissue models, one needs to use cell models that consider average Ca2+ con-
centrations. A very common approach for decades has been to use the five-compartment
model described in the previous section but considering that they represent an average of
the concentrations in each one of the CaRU.

This means that most currents have to be re-normalized or re-scaled from previous
models. Subcellular models cannot be transformed lightly into single whole-cell models [56].
For instance, in any subcellular model, given the low number of LCCs in each voxel or
CaRU, the transitions between configurational states of the LCC must be considered as a
stochastic process. It is important, however, that this flux fits the experimental results at
a large number of channels. The typical whole cell current associated with the LCC can
be measured as a function of membrane potential, and the same curves must be obtained
from the dependences introduced in the transition rates.

4. Cardiac Cell Models
Since the pioneering work by Hodgkin and Huxley [40], most electrophysiological

models of the action potential have been based on a similar description. The first cardiac
model was due to Noble in 1962, for Purkinje fibers [89]. Later on, Beeler and Reuter [49],
in 1977, presented a model for ventricular cells. Then, specific ventricular models for
different animal species were developed, as for guinea pig [50,90], dog [91], rabbit [92],
mouse [93], and human [94–96]. Similarly, models for other parts of the heart, such as the
atria [97,98] or the sinoatrial node [99], are available.

All these models include detailed descriptions of the currents that give rise to the
action potential (see Figure 6), including, in some cases, a Markov formulation of the ion
channel dynamics [96]. They include a large number of variables, from 10–15 to more than
50 in the more detailed models. It is important to stress that classical models of cardiomy-
ocytes are common-pool models; that is, they present deterministic dynamics for average
concentrations of intracellular ions. They cannot adequately describe some phenomena,
such as the possible appearance of Ca2+ waves or the occurrences of EADs and DADs
resulting from stochastic events of spontaneous Ca2+ release; see Section 3. For that, models
that couple a standard description of the transmembrane potential and currents (except
typically LCC, as explained before) and subcellular detailed models of Ca2+ dynamics
have been developed. These have been useful to study, for instance, the occurrences of
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DADs [100] or mechanisms of spontaneous Ca2+ release-mediated arrhythmias [101]. How-
ever, these models are hardly scalable for tissue simulations. For that, other approaches
have been developed that reduce computational cost but maintain the inherent stochasticity
of the Ca2+. For instance, introducing the probabilistic distribution of spontaneus Ca2+

release events [102,103] in classic five-compartment calcium cycling models has been one
very interesting path to make the jump from subcellular to whole heart. Another approach
that decreases computational cost has been to consider a probability density approach for
modeling the local control of CICR [104].

Figure 6. Schematics of a whole-cell model where all ionic concentrations are taken as averages,
but calcium has five different compartments in the cell. Sodium and potassium concentration and
fluxes from different ionic channels are represented. The calcium ionic concentration is different in
the cytosol, in the nSR, in the junction SR and close to the membrane or close to the volume between
RyR2 and LCC. In these models, however, there is no spatial information in the ionic concentration
other than for calcium, which has a different average concentration in each compartment. Inside the
NSR (network SR), for example, the calcium concentration is taken as the average in all the SR.

Although electrophysiological detailed models provide a very precise description of
the electrophysiology of the system and allow a quantitative comparison with experiments,
they can be computationally demanding, especially for tissue simulations. Often, to study
properties of wave propagation, or instabilities that encompass different currents, such as
alternans, simplified models of the action potential have been studied. One can distinguish
between two kinds of simplified models. On the one hand, there are physiological models,
such as the three-variable Fenton–Karma model [105] and modifications of it [106,107],
that group the different currents into inward and outward and provide phenomenological
expressions for these global currents. They reproduce the typical form of the action potential
and general properties of the action potential as its restitution properties. Still more
simplified models [108–110], with just two variables, but still a reasonable form of the
action potential have been useful to study properties of reentrant waves in tissue as spiral
or scroll wave instabilities.

4.1. Action Potential Dysfunctions

In addition to possible problems in action potential wave propagation, which will be
discussed in Section 6, sometimes, abnormal rhythms or behavior is due to some problems
in the generation or dynamics of the action potential, giving rise to channelopathies,
alternans, or early or delayed afterdepolarizations (EADS and DADs), which provide a
proarrhythmic substrate.
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4.1.1. Channelopathies

Abnormal functioning of different ion channels can cause disease, often leading to
arrhythmias. Among the most common syndromes associated with channelopathies are
the long QT syndrome (LTQS), the short QT syndrome (SQTS), and the Brugada syndrome.

The long QT syndrome is a condition that affects the repolarization of the heart,
resulting in an elongation of the QT segment of the electrocardiogram (ECG). This is linked,
at the cellular level, to a large action potential duration (APD). Clinically, it has been
shown to give rise to arrhythmias. There are several variants of the syndrome, which
are related to different channelopathies. LQT type 1 (LQT1), for instance, is related to
variants in the gene KCNQ1 that decrease IKs, slowing the repolarization of the action
potential. LQT2 is caused by variants in the KCNH2 gene that encodes the potassium
channel that carries the rapid inward rectifier current IKr. This current contributes to the
terminal repolarisation phase of the cardiac action potential and, thus, to the length of the
QT interval. One variant of this syndrome, LQT3, is known to be related to variants in the
SCN5A gene that delay the inactivation of the sodium current, leading to a small sustained
‘late’ sodium current, preventing repolarization [52]. A Markov formulation of the Na+

channel was considered, for example, to account for mutations responsible for the long QT
syndrome [51]; see Figure 4.

The reverse of LQTS is short QT syndrome (SQTS), which is characterized by a
shortening in the duration of the QT interval in the ECG. It is caused by mutations in genes
encoding ion channels that shorten the cardiac action potential and results in an increased
risk of developing abnormal heart rhythms. This is a very unusual condition that has been
associated with variants of genes encoding the currents IKs, IK1, IKr, and ICaL.

Brugada syndrome (BrS) is another genetic disease that produces well-recognized
changes in the electrocardiogram, which are characterized by an elevation of the ST-segment
terminating in a negative T wave in the right precordial leads. Since its discovery in 1992,
Brugada syndrome has been linked to many different mutations, including genes affecting
the Na+ and Ca2+ channels [111]. The most common cases of Brugada syndrome are
those related to mutations in the SCN5A gene [112]. These mutations have been shown
to result in loss of function of the sodium channel, giving rise to either reduced Na+

channel conductance or a change in the voltage dependence and dynamics of INa activation,
inactivation, or reactivation [113]. Then, a reduced sodium current reduces the peak voltage
in Phase 1 of the action potential, see Figure 2, such that the slow activated potassium
current entering in Phase 2 is able to repolarize the cell, lacking then the typical dome of the
AP and resulting in a very short AP. Other variants exist that are related to modifications
of other genes encoding other proteins that constitute the sodium channel, or in genes
affecting other currents, such as ICaL, Ito, or IKir. In all cases, the resulting AP morphology
can give rise to a strong proarrhythmic substrate that most probably appears when the
action potential dome is lost at some epicardial sites but not at others, thus resulting in the
dispersion of repolarization within the epicardium.

4.1.2. EADs and DADs

Afterdepolarizations are abnormal depolarizations of the cell that occur before the
following stimulus arrives. Early afterdepolarizations (EADs) occur during Phases 2 or 3
of the action potential, see Figure 2, i.e, before the cell has completely repolarized, while
delayed afterdepolarizations (DADs) occur during Phase 4, see Figure 2, after repolar-
ization but before an external stimulus arrives. Both conditions are known to be highly
proarrhythmic. DADs are often due to spontaneous Ca2+ releases from the SR. EADs
appear when outward currents are reduced and/or inward currents are increased, resulting
in the lengthening of action-potential duration (APD). EADs appear as oscillations of the
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membrane potential. It is not linked to a specific channelopathy, but rather, it results
from the interplay of several mechanisms. It has been explained as an instability of the
membrane potential due to different bifurcations [114–116].

The generation of arrhythmogenic ectopic beats and premature ventricular complexes
(PVCs) due to the interaction between anomalous calcium cycling and sodium currents
has been well established [9–11]. Mathematical modeling has shown that a malfunction
in calcium cycling can trigger action potentials at the single-cell levels, both as EADs and
DADs [15,16]. The main mechanism is the generation of large spontaneous releases of
calcium into the cytosol that activate the NCX exchanger and trigger the depolarization of
the cell. These cellular level events have to synchronize to generate an ectopic excitation,
since they have to overcome the electrotonic load of neighboring cells [117]. The generation
of these ectopic beats is not dangerous in a healthy heart, but it can generate sudden cardiac
deaths if there are underlying pathologies such as heart failure (HF). Spontaneous Ca2+

release events and a disruption of Ca2+ homeostasis has also been shown to be related to
atrial fibrillation (AF), which is a condition where the atria do not contract properly but
fibrillate, preventing the proper pump of blood from atria to ventricle [17–19].

4.1.3. Alternans

Clinically, alternans correspond to a beat-to-beat alternation of the T-wave of the
ECG, which is well known to be proarrhythmic. At the cellular level, an alternan appears
as a beat-to-beat change in the amplitude or duration of the action potential. As with
EADs, alternans are not linked to a specific channelopathy but rather a dynamic condition
involving several factors [118]. From a dynamic point of view, it has been explained as a
period-doubling bifurcation of the underlying, regular rhythm, appearing at fast pacing
rates. In some cases, this is due to the restitution properties of the cell, i.e., the dependence
of the duration of the action potential on the time elapsed between the end of the previous
AP and the beginning of the following one. A steep relation has been shown to give rise
to this period, doubling instability [119], although memory [120] or spatial effects [121]
can make this relation more complex. Often, however, alternans appear as an instability in
intracellular Ca2+ cycling [122], whose dynamics has to be considered in detail. Calcium
alternans have been related to refractoriness of release [123,124], due to a slow refill of the
SR, or to a slow recovery from inactivation of the RyR2 [71,125,126]. Subcellular effects are
also important in the onset of Ca2+ alternans, where there is a beat-to-beat alternation in
the Ca2+ release from the SR. The onset of alternans can be understood as a disorder–order
transition [127], where locally alternating releases of Ca2+ synchronize to give rise to global
alternans. Furthermore, the ensuing alternans can be discordant subcellularly with different
parts of the cell alternating in opposite phase [128].

5. Intercellular Coupling
Cardiac connexins are essential proteins involved in the functional architecture of

the heart. They are found in intercalated discs of cardiac cells, forming gap junctions that
facilitate electrical and biochemical communication between cells, see Figure 7, which is
crucial for action potential propagation and synchronized heart contractions; see Section 6.

In cardiac tissue, Connexin 43 (Cx43) is the predominant connexin in ventricular
myocytes and plays a critical role in the propagation of electrical impulses. Mutations
or dysfunctions in Cx43 are frequently associated with arrhythmias. Other connexins
are distributed in specific cardiac regions: Connexin 40 (Cx40), is essential for rapid
conduction in the atria, and Connexin 45 (Cx45) is important in specific regions requiring a
more gradual and slower signal transmission of the conduction tissue. Disruptions in the
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expression or function of the connexins have been implicated in various cardiac pathologies,
including myocardial infarction, arrhythmia, and heart failure.

In cardiac tissue, adjacent cells are joined through gap junctions, as shown in Figure 7,
which allow the transport of ions between cells, resulting in diffusion of the transmembrane
potential. A detailed description of electrical wave propagation needs to take into account the
gap junction (GJ) dynamics, which have been well characterized experimentally [129–133].

Figure 7. Schematic view of the structure and functionality of a gap junction (GJ) connecting
electrically two cardiac myocytes. The thickness of the bi-lipidic layer is of the order of a few
nanometers. The ions can flow in both directions through the GJ.

5.1. Experimental Data and Stochastic Model

Two important results come from the biophysical experiments on gap junctions. First,
the value of the electrical conductance between two adjacent cardiac myocytes depends
highly on the transmembrane voltage Vj. Secondly, the conductance is also a dynamical
variable and its kinetics depends strongly on the history of the transmembrane voltage
Vj [130].

In parallel with the development of careful biophysical experiments, several math-
ematical models have been built to explain the experimental data of the conductance of
the GJ. The first mathematical models of voltage-dependent gating in GJs were published
in the 1980s by Bennett, Harris, and Spray [134–136]. These first models were based on a
Boltzmann function that was applied to each polarity of the transjunctional voltage Vj to
describe the overall steady-state gj–Vj relationship [134–136]. Subsequently, this type of
analysis became a standard way to quantify the sensitivity of GJs to the transjunctional volt-
age Vj. A mathematical model to describe the kinetic properties of GJ voltage-dependent
gating was also provided in [136]. The changes in gj over time were evaluated using a
two-state model (so-called independent gating model) and a three-state model (so-called
contingent gating model), which described the opening and closing of GJ channels con-
taining two mirror-symmetrical gates in series. It is important to note that these modeling
studies were performed well before the experimental identification of Connexin (Cx) genes
and a detailed knowledge of the varied properties of GJ channels at macroscopic and
single-channel levels.

Later, biophysical, molecular, and structural studies have revealed a number of proper-
ties of GJ channels that are important for the development of computational models. Mostly,
GJs are formed by the docking of two hemi-channels that can be composed of a single or
mixed combinations of Cxs, and it is the individual hemichannels that gate in response to Vj

and give rise to the overall behavior of a GJ channel. In this line, four-state models [129,137],
a stochastic four-state model [138], a 16-state model [139], and a 36-state model [140] have
been tested against experimental data. However, detailed microscopic stochastic models of
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the GJs conductance are computationally expensive, and it is often more convenient to use
a simplified two-state system when dealing with large cardiac tissue.

5.2. Dynamical Model

The spread of excitation in networks of electrically coupled cells, either in cardiac or
neuronal cells, can be studied by two-state models. Particularly, the inclusion of GJ dy-
namics was investigated by Hand and Griffith [141] combining a multiscale approach with
microstructural details and macroscopic features of the tissue. Similarly, Costa et al. [142]
developed a semi-continuous model to describe the propagation of electrical signals within
cardiac tissue, incorporating GJ dynamics. Another modeling perspective considers the
heart as a network of different cell types that are electrically coupled through gap junction
conductance [143].

Due to the inclusion of GJ dynamics, for example in a monodomain model of cardiac
tissue, see Section 6, the conductivity of the cable equations, see Equation (3), becomes a
function of both space and time,

σ(x⃗, t) = σ̄ gx⃗(t) , (17)

where σ̄ is the fixed nominal value for the intercellular conductivity parameter.
In a one-dimensional chain of cells, when discretizing space to solve the cable equation

shown in Equation (3), the index k refers to the cell number k in the fiber. The gap junction
between cell k and cell k + 1 is also assigned the space index k, following our convention.
The set of differential equations governing GJ dynamics is written as [130,144]

dgk
dt

=
gk,ss(Vk)− gk

τg(Vk)
, (18)

where the time scale is given by τg = Aτ exp[−Bτ |Vk|], and Vk = uk+1
i − uk

i is the difference
in the intracellular electrical potential between the two adjacent cells. The local steady
state value in Equation (18) depends on the local instantaneous Vk following the two-state
Boltzmann type of equation:

gk,ss =
gk,max − gk,min

1 + exp[A(Vk − V1/2)]
+ gk,min . (19)

The dependence of gk,ss as a function of the transjunctional potential Vk is displayed
in Figure 8. Note that the asymmetry of the connexin composition affects directly the
asymmetry of the steady-state function of the gap junction gk,ss.
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Figure 8. Steady-state values of the normalized gap junction gi,ss as a function of the transjunctional
voltage Vi for the different connexin types (homotypic and heterotypic). The horizontal line (green)
represents the case where the conductance is assumed to be constant.
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We should mention two important caveats of this simple model. First, there is the
implicit assumption that the myocytes are isopotential, and therefore, the voltage drop is
concentrated in the GJ, and second, there is the use of a monodomain approximation that
could not independently compute the transjunctional voltage from the membrane potential.

Recent experiments have shown that the functional dependence of gk,ss on Vk could
be affected [133,145] by several factors. This is important to consider in the present model:
for example, after an increase in temperature, it has been observed that the value of A in
Equation (19) increases, V1/2 decreases, and gating kinetics accelerate (cf. τg decreases) [133].
In another study, a variation in the dependence of the conductance with the intercellular
potential has been observed in connexin 45 variants, in which two amino-terminal ends
have been altered [145].

All these effects can be easily included in the present model. Indeed, assuming an
effective free energy difference between the open and close states that depends linearly on
the transjunctional potential,

∆G = ∆G0 + αVk. (20)

where the parameter α takes into account the dependence of the probability transition
with respect to the transjunctional electrical potential. One can relate the parameter α in
Equation (20) with the parameters A and V1/2 in Equation (19). The larger α is, the narrower
and steeper is the curve in Figure 8. For this reason, we have denoted α as the factor of shrinking
in several computational studies that we have performed on the GJ dynamics [146,147]. The
important point here is that either physiological or genetic conditions could affect the GJ
dynamics through the modification of the parameters in Equation (19).

5.3. Modeling Studies of GJ Dynamics in Cardiac Tissue

Other studies consider a diminished Cx43 connexin expression, as well as altered
connexin conductance dynamics, i.e., modified maximum and minimum conductances
gmax and gmin, half-inactivation voltage V1/2 and decay kinetics [148]. These modifications
can appear due to mutations or to different connexin configurations. Following this
consideration, the GJ dynamics were compared when encapsulated in a monodomain
or bidomain tissue formulation [149]. Under very strong alterations of the gap junction
parameters, the cardiac tissue can experience an irreversible remodeling [146,147]. To this
day, quantitative comparisons of the numerical predictions and the experimental results
are still lacking.

The most striking feature revealed by the previous studies is the emergence of con-
ductance multistability induced by the shrinking factor (Figure 9). After typically a few
hundred excitations, a spatial conductance heterogeneity emerges. The spatial distribution
of conductance is highly irregular but shows a significant number of alternating high and
low values of the conductance [147].

A computational model that included the gap junction voltage and time-dependent
dynamics in a strand of cardiac tissue has been also considered [150]. Such simulations
showed that in normal conditions, i.e., when the cells are well coupled, little change occurs
in the gap junction resistance during propagation. For poor coupling, the gap junction
resistance increases transiently and significantly during propagation. This transient change
in resistance resulted in increased transjunctional conduction delays, changes in action po-
tential upstroke, and a block of conduction at a lower junction resting resistance relative to a
static gap junction model. In this case, one can see the important phenomenon of plasticity
and remodeling taking place as demonstrated through the use of numerical simulations.
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Figure 9. Space–time plot showing the conductance g of the symmetrical GJ Cx43_43 taken at
stroboscopic time intervals (T = 480 ms). The initial condition is uniformly set to gini = 0.4 for all the
GJ. The color code represents the local values of the conductance (a.u.) ranging from 0.1 to 0.4. The
shrinking factor is set to FS = 2.

Novel computational models combine voltage-gating GJ channels with a model of
membrane excitability to simulate a spread of electrical pulses in a two-dimensional cardiac
tissue [151]. The simulation data showed that the inclusion of voltage gating can cause the
drift and subsequent termination of spiral waves of excitation. As a result, the development
of fibrillation-like processes was significantly reduced in the simulations, demonstrating
the protective role of voltage-gated gap junctions in preventing arrhythmia. Further studies
that incorporate the heterogeneities plus the GJ dynamics are needed to increase further
the realism of the computational models.

6. Biophysics of Cardiac Tissue
Cardiac tissue is formed by a network of cardiac myocytes connected by gap junctions.

Scattered among the myocytes are fibroblasts, which are, paradoxically, the most common
cell type in the heart. Both types of cells coexist in the cardiac muscle. However, while the
function of the fibroblast is related with the support and gives structural framework to the
tissue, the myocytes, connected by GJs, see Section 5, are responsible for the propagation of
the action potential along the cardiac muscle.

There are different levels of description of cardiac tissue that differ in the types of
applications of the mathematical model. For the characterization of small-scale details,
where local anomalies are relevant, models of individual cells (heterogeneous and discrete)
are necessary to describe the different inhomogeneities: for example, the disconnection
of the network of myocytes by the presence of fibroblasts, which can be increased by
dysfunctions like diffuse fibrosis. However, for the description of the tissue at larger scales,
arriving to the whole organ level, continuous models (monodomain or bidomain), which
average the small scales inhomogeneities, are usually employed.

The effect of fibroblasts in the propagation of action potential through the cardiac
myocytes is still controversial. It is known that fibroblasts can connect one-dimensional
chains of myocytes and permit wave propagation [152], since, although they are unex-
citable cells, they are electrically coupled to the myocytes. However, they can affect the
excitability and conduction of the myocyte tissue [153] and the mechano-electric coupling
of the tissue [154] as experiments with cell cultures [155–157] and whole heart [158] have
evidenced. For the mathematical description of such interactions, two main approaches
have been extensively employed. First, fibroblasts were considered passive and modeled
as an ohmic resistance connected to the myocyte [159]. Second, fibroblasts are considered
active because of the presence of membrane ion channels affecting membrane potential
and therefore their interaction with the myocytes [154,160,161].
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6.1. Heterogeneous Model

The most detailed models of cardiac tissue consider certain levels of detail in the
description of the intracellular dynamics together with the corresponding model for the
gap junctions, see Section 5, which connect the diverse cells; see Figure 10A.

Figure 10. Modeling approaches to cardiac tissue: (A) heterogeneous model where discretization is
smaller than single cells and discrete gap junctions are considered for cell-to-cell coupling. (B) Discrete
model where the cardiac cell is approximated as a single element which is electrically connected
to the rest of the cells in the tissue. (C) Monodomain model where the transmembrane voltage is
considered in a continuous model; therefore, the the numerical discretization of space is typically
larger than the cell size. (D) Bidomain model where intracellular (blue) and extracellular (yellow)
potentials are explicitly considered as two interconnected continuous models.

The local detailed electrophysiological dynamics, see Section 4, is modeled inside
the intracellular space of individual cells. A fine discretization is needed. Each element
is much smaller than the characteristic size of the cells, which is typically between 5 and
10 microns. The shape of the cells can be heterogenous as in Figure 10A, or regular, formed
by rectangular cells without big noticeable changes on the propagation properties [162].
Inside the cells, fast diffusion of the transmembrane potential is coupled with the detailed
electrophysiological model [163]. On the other hand, there are neighboring elements that
belong to different cells and therefore are not connected by diffusion but by gap junctions;
see Section 5. The types and conductivities of the gap junctions may depend on whether
they are located in the longitudinal or the transversal direction of the tissue [164,165].

These types of models are easy to modify to include defects and regions where the
wave of action potential cannot enter due, for example, to inhomogeneous distributions
of connexins [166]. Such inhomogeneities can give rise to conduction blocks [166] and,
under certain conditions, the breakup of the action potential wave and the generation of
cardiac reentries [167].

6.2. Heterogeneous Cell Model, Continuous Extracellular Potential

Apart from the difference of potential considered above, it is also relevant to consider
the extracellular and the intracellular potential. For this reason, we can consider the
extracellular (E) space, the cell membrane (M), and the intracellular (I) space, as separate
geometrical domains [168]. As an example, we consider a chain of connected myocytes.
We assume that the complete computational domain consists of intracellular spaces Ωk,
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with k = 1, ..., N, where k and N are, respectively, an individual cell and the total number of
cells. Two consecutive cells k and k + 1 are connected by gap junctions gk, see Equation (18)
in the previous section, and surrounded by a connected extracellular space Ωe [169]. If σi

and σe are the conductivities in the intracellular domains Ωk and the domain Ωe, we can
consider [169]

∇ · σi∇uk
i = 0, (21)

∇ · σe∇ue = 0. (22)

The membrane is defined to be the intersection between the intracellular and the
extracellular domains, where there are ion currents

Cm
∂Vk
∂t

= Ik
m − Ik

ion, (23)

where Vk is the membrane potential of cell k. Finally, the current along the gap junctions
corresponds to the dynamics of the difference of potential gk between two consecutive cells
k and k + 1, equivalent to Equation (18), and follows

Ck
∂gk
∂t

= Ik − Igap, (24)

such equations with the corresponding boundary conditions can be integrated using the
different possible methods [168].

6.3. Discrete Model

We have already shown the process from the intracellular models, described in
Section 3, into a single electrophysiological model, see Section 4. If we consider a fast
diffusion process inside the cell, we can consider globally the action potential of the cell
and with the gap junctions with the other cells; see Section 5. Such connections represent a
network of myocytes which can be affected by heterogeneities or even interrupted by the
presence of fibroblasts [170–172]:

Cm
∂Vk
∂t

= −Iion + ∑
j

gkj(Vk − Vj), (25)

where Vk is the action potential of the corresponding k myocyte, while Iion corresponds
to the ion current and completely depends on the electrophysiological model. There are
multiple types of models depending on the type of cell, the part of the heart, and the animal
species. The connectivity matrix given by gkj couples each cell k to the neighboring cells j.
The particular values of this matrix define the structure of the network of connections of
the tissue. It can be hexagonal, see Figure 10B, or square, depending on whether a cell is
connected to four or six neighboring cells [170,173]. The extracellular potential can be also
included in the exterior of the cells and combine this discrete configuration in terms of a
Kirchhoff network of cells with the extracellular potential [174].

The discrete models can explicitly consider also two different types of cells, for ex-
ample, cardiac myocytes and fibroblasts with very different electrophysiological proper-
ties [175]. However, big differences are not obtained in comparison with the previous
models where fibroblasts are incorporated in the reduction in the coupling between my-
ocytes [170]. In this last case, a propagating wave can cross a circular region with a low
fraction of disconnected cells; see Figure 11A. However, it cannot enter into this region
if the fraction is too large; see Figure 11C. For intermediate values of the fraction of dis-
connections close to the percolation threshold of the discrete networks representing the
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tissue [170], the wave enters and breaks inside, giving rise to the re-entry once the original
wave has propagated; see Figure 11B.

Figure 11. Two-dimensional snapshots at six different times, corresponding to simulations of the
action potential propagation through the tissue and entering in a region with small (A) close to
percolation (B) and large (C) fraction of heterogeneities.

Such dynamics mimics the generation of ectopic beats in the cardiac tissue because in
the heterogeneous network, source–sink mismatches produce unidirectional propagation
block [166] and have an important role in the generation of the zigzag reentries [162]. Similar
results have been observed for different descriptions. The network can be also disordered
and heterogeneous following some particular rule [171,176,177] in two dimensions, or we
can also generalize into a three-dimensional heterogenous cubic network of cells [178,179].
More complex geometries, taking into account the shape of the heart and thickness of the
cardiac walls, can also be considered [12].

6.4. Continuous Monodomain Model

The cable equation, together with the highly nonlinear dynamics of the action poten-
tial, describes the electrical excitation that propagates through the heart. Although cardiac
tissue is three-dimensional, many properties of propagation can be studied in lower dimen-
sions. For example, the characterization of the conduction velocity depending on different
electrophysiological properties or the dispersion relation during periodic pacing can be
analyzed in one-dimensional systems, and the characteristic frequency of rotors can be
obtained in two-dimensional domains.

The continuous limit of the propagation of the transmembrane potential, see
Figure 10C, is described by the following equation:

Cm
∂V
∂t

= −Iion +∇ · (σ∇V), (26)

where the typical value of the membrane capacitance is Cm ∼ 1 µF/cm2. The conductivity
σ ∼ 4 mS/cm is derived from the resistivity between cells and is related to the diffusion
through the cell capacitance and surface-to-volume ratio [24,38].

This type of description is not suitable to study the effects of myocyte heterogeneity in
wave propagation, especially at the 100 micron scale. It is more adequate for larger-sized
regions where continuous gradients on the different parameters can be introduced. It can
also be used to study wave instabilities in homogenized tissue. For example, under a
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convenient perturbation, a wave of action potential propagates through the tissue as a
traveling wave, as depicted in Figure 12A.

The monodomain model has been extensively employed in the numerical study of two-
dimensional spiral waves and three-dimensional scroll waves. In particular, it is adequate
to characterize the dynamics of wave propagation and the posterior break up of the wave
into spiral waves, which is typically associated with tachycardia regimes; see Figure 12B.
The monodomain model has been also employed for the characterization of the properties
of motion of the different spiral waves [180] and in particular the possible further break
up into multiple spiral waves, which is a state typically related to fibrillation [180,181];
see Figure 12C. Among the different mechanisms of formation of spiral waves, one of
the most studied is due to the alternance of long and short waves due to the interaction
between two subsequent waves [182]. Such alternans produce the break up of the waves
and the generation of multiple waves [121]. Another prominent example has been Brugada
syndrome, where heterogeneity in repolarization leads to Phase 2 re-entry [113]: a condition
in which the appearance of regions where the AP has not lost the dome re-excite regions
that have lost the dome [183], resulting in the formation of rotors [184,185]. Ventricle
walls are thick and, therefore, the waves of action potential, instead of moving like spirals,
move forming scroll waves. In contrast to two-dimensional spirals, three-dimensional
scroll waves can be unstable due to negative filament tension [186,187] or due to spring
instability [188].

Large-scale heterogeneities can be included in the continuous description, and it is
known that the heterogeneities act as wave sources when the tissue is exposed to the electric
field during defibrillation processes. It permits the systematic study of different protocols of
low-energy defibrilation due to repetitive low-energy pulses in comparison with the typical
unique strong pulse employed during ventricular defibrillation [189,190]. The studies of
different amplitudes and frequencies can be important to maximize the effectiveness of the
defibrillation and the reduction of the tissue damage [191].

Figure 12. Two-dimensional snapshots at six different times, corresponding to simulations of the
regular action potential propagation through the tissue (A), a spiral wave corresponding to a periodic
rapid re-entrant wave related with tachycardia (B), and spiral breakup corresponding to irregular
dynamics related to fibrillation (C).

6.5. Bidomain Model

The bidomain model is based on the cable equation [192]. Cardiac tissue is divided
into two different regions that are interconnected, the intra- and extracellular regions;
see Figure 10D. The transmembrane potential is considered to vary along the tissue and,
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due to these variations, intra- and extracellular axial currents per unit length appear due
to different properties of the conductivities σi and σe of the internal and the external
region, respectively:

ψ(Cm
∂V
∂t

+ Iion) = ∇ · (σi∇V) +∇ · (σi∇Ve), (27)

∇ · ((σi + σe)∇Ve) = −∇ · (σi∇V), (28)

where ψ is the ratio of surface to cell volume. In case the anisotropy ratios are the same
in the intracellular and extracellular media, the above description can be reduced to the
monodomain equation for the transmembrane potential; see Equation (26).

The bidomain model is more computationally demanding than solving the mon-
odomain model. Fortunately, it can be often reduced to the monodomain approach because
the differences in wave propagation between both approaches is small [193]. Differences
between the bidomain approach and discrete models with a continuous extracellular poten-
tial are also small under physiological conditions [194,195]. Nevertheless, under reduced
conduction velocities, differences may become noticeable.

On the other hand, it is largely assumed that the full bidomain approach is necessary
to properly model defibrillation [14], since the bidomain model treats cardiac tissue as two
overlapping domains, and defibrillation pulses affect both domains differently with their
interactions determining the effectiveness of defibrillation. It can be used to study the
characterization of the types of defibrillation shock protocols and determine, for example,
the different response of the tissue to different levels of the monophasic and biphasic shock
protocols [196].

6.6. Tridomain Model

The bidomain model considers separately the myocytes and the extracellular space.
Such description can be extended by the consideration of the space occupied by fibroblasts.
Such combinations of the three spaces and their electrophysiological properties are the
basis of the tridomain models [197]:

ψ(Cm
∂V
∂t

+ Iion)− Im− f i = ∇ · (σi∇V) +∇ · (σi∇Ve), (29)

ψ f i(C f
∂Vf i

∂t
+ I f i) + Im− f i = ∇ · (σf i∇Vf i) +∇ · (σf i∇Ve), (30)

∇ · ((σi + σf i + σe)∇Ve) = −∇ · (σi∇V)−∇ · (σf i∇Vf i), (31)

where ψ f i is the ratio of surface to fibroblast volume, C f is the membrane capacitance of
the fibroblast, I f i is the active ion current in the fibroblast, and Im− f i corresponds to the
coupling between the two types of cells. Such types of models can be implemented to
study the effects of fibrotic patches on the strength of virtual electrodes generated during
defibrillation [198].

Similarly to the reduction from the bidomain to the monodomain model under some
conditions without a substantial loss of accuracy in numerical integration of the action
potential wave, there is the possibility of a similar reduction from the tridomain model
to a simple monodomain model accounting for the coupling between fibroblast and my-
ocytes [199]:

ψ(Cm
∂V
∂t

+ Iion)− Im− f i = ∇ · (σi∇V), (32)

ψ f i(C f
∂Vf i

∂t
+ I f i) + Im− f i = ∇ · (σf i∇Vf i), (33)
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which strongly reduces the computational complexity for the integration of the electrophysi-
ological equations, because it corresponds to a system of two coupled monodomain models.

6.7. Anisotropy of Cardiac Tissue

A defining characteristic of cardiac myocytes is their elongated shape, which promotes
their alignment within the tissue. The fibers within each cell are oriented parallel to the
long axis and contract in this direction. Gap junctions, responsible for cell-to-cell electrical
communication, predominantly accumulate at the ends of the elongated cells.

In cardiac tissue, this asymmetric distribution of gap junctions facilitates faster prop-
agation of the action potential along the myocyte axis compared to the perpendicular
direction. More advanced models also account for the laminar organization of cells within
the tissue, introducing an additional layer of anisotropy to wave velocity [200].

The effect of anisotropy on wave propagation in cardiac tissue can be modeled by
modifying the diffusion coefficient in the cable equation. In the monodomain approach,
the diffusion tensor is typically defined by two conductivity coefficients: one for the
direction of fast propagation and another for the two perpendicular directions.

However, the anisotropy ratios of the intracellular and extracellular spaces differ,
complicating the direct reduction of the bidomain model to a monodomain description.
While the longitudinal conductivities in the extracellular and intracellular spaces are similar,
the intracellular transverse conductivity is one to two orders of magnitude smaller than its
extracellular counterpart [201].

In the ventricles, the tissue exhibits additional complexity. While atrial tissue is
relatively thin [202], the ventricular wall is thick, and the direction of anisotropy changes
throughout the wall. This results in rotational anisotropy, where the fiber orientation
rotates progressively from the endocardium to the epicardium [105], creating a continuous
variation in fiber alignment across the ventricular wall [203]. The fiber orientation has an
important influence on the biomechanics of the heart [204].

7. Discussion
This work highlights the intricate interplay between biophysical processes, computa-

tional modeling, and their application to understanding cardiac electrophysiology. By ex-
amining the role of ion channels, intracellular calcium dynamics, and tissue heterogeneities,
we have gained insights into the mechanisms underlying action potential propagation and
dysfunction in the heart. The study underscores the importance of detailed spatial and
temporal modeling to capture the multiscale nature of cardiac function, from the molecular
scale of ion channels to the macroscopic behavior of the heart as a whole. In particular,
here, we have considered diverse aspects on cardiac modeling.

For example, action potential, which eventually produces the contraction of our heart
once per second, is controlled by the ion currents along the different types of ion channels.
Although there are multiple types of ion channels, in Section 2, we summarize the most
characteristic dynamics of the main channels for sodium, potassium and calcium, which
are the main ingredients of the electrophysiology of the myocyte.

In comparison to action potential in neurons, the shape of the cardiac action potential
is determined by intracellular Ca2+. The detailed description of the processes involves the
consideration of small spatial scales and a detailed spatial description of the interior of the
cardiac cell. The elements of such a process have been discussed in Section 3.

Section 4 shows that biophysical detailed models of the whole cell provide a very useful
description of the electrophysiology of the system and allow a quantitative comparison with
experiments. They permit the detailed numerical study of action potential dysfunctions.
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We have shown in Section 5 that the simple approximation of constant diffusion is
not completely valid when dealing with tissue with low conductance and high levels
of heterogeneities. Therefore, it is essential to include more realistic descriptions of the
dynamics of the gap junctions. This can be accomplished at the mesoscopic level by
introducing a kinetic equation for the gap junctions between two adjacent myocytes.

In Section 6, we have shown that there are different descriptions of the cardiac tissue,
each of them more adequate for specific problems in electrophysiology. While for the effects
of heterogeneous tissue and the presence of fibrosis discrete versions are advisable, contin-
uous descriptions are more efficient for the study of re-entries and to model defibrillation.

The heart represents a complex multiphysics system [205], requiring the interplay of
electrical wave propagation, muscle contraction mechanics, and fluid dynamics within
the cardiac chambers to fully explain its function as an electromechanical pump. It is
also a multiscale problem [29], where dysfunction at small spatial and temporal scales—
such as an ion channel malfunction—can significantly impact the behavior of the entire
organ. Comprehensive computational modeling offers the potential to bridge these scales,
enabling the study of genetic mutations or drug effects, which operate at microscopic levels,
and their influence on the macroscopic performance of the heart [206].

One of the main applications of such biophysical models of the cardiac tissue is in
pharmacology for the assessment of the effects of different types of drugs in the dynamics
of the action potential. For example, there is the assessment of drug cardiotoxicity through
the definition of arrhythmic risk biomarkers [207], where small changes in the ion channels
dynamics can scale to complex dynamics in the cardiac tissue. We can quantify the effect of
drugs in the electrocardiograms [208].

Other important applications of the biophysical models are related to full cardio-
vascular modeling. The detailed description of the atria with the corresponding fiber
orientations [202] and detailed models of the ventricles with the adequate fiber directions in
the walls [209] demand a complex computational analysis and the building of whole heart
simulations of the propagation of the action potential. This is a challenge in biomedical
engineering, which has to go along with the development of the biophysical models at the
different scales discussed here. Furthermore, there are efforts to couple the blood dynamics
inside the chambers of the heart with the electrophysiology of the cardiac tissue [210] and
in particular, the fiber orientation with the flow tracts [211].

Patient-oriented medicine for customization of the medical care to individual pa-
tients [212] is one of the main topics of interest in the biomedical community. In the case of
cardiac diseases, personalized medicine aims to use patient-specific computational models
of the biomechanics [213,214] and/or electrophysiology after infarcts [12,215] to generate a
cardiovascular digital twin of a particular heart. This model can also be scaled and used in
personalized health [216]. This approach combines the computer-enhanced induction using
statistical models with the deduction of mechanisms from computational modeling with
the goal of integrating multiscale knowledge [217]. On one side, the statistical models allow
the extraction and optimal combination of individualized biomarkers with mathematical
rules [218]. On the other side, the mechanistic models employ the details of physiology
and the use of the fundamental laws of physics and biochemistry [217].

In summary, the heart’s function as a complex electromechanical pump is governed by
intricate interactions across multiple physical and spatial scales, ranging from ion channel
dynamics to whole-organ behavior. Advances in biophysical modeling and computational
tools have enabled a deeper understanding of cardiac electrophysiology, highlighting the
significance of incorporating detailed descriptions of tissue heterogeneities, fiber orienta-
tions, and gap junction dynamics. Moving forward, the integration of personalized compu-
tational models and the development of digital cardiovascular twins represent promising



Biophysica 2025, 5, 5 26 of 34

frontiers for patient-specific medicine, offering the potential to bridge experimental and
clinical insights with tailored therapeutic interventions.
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